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Abstract. The physics governing galvanic distortion of natural source electromagnetic
induction measurements is reexamined beginning from first principles. The conditions
under which a decomposition of measured magnetotelluric response tensors and mag-
netic transfer functions is applicable are described, and the form of the decomposition
describing distortion of the electric and magnetic fields is derived directly from the
integral equation defining the scattering of electric and magnetic fields by surface
heterogeneities. The inclusion of magnetic field galvanic distortion leads to indeter-
minacy of the regional magnetotelluric response in the form of scaling by frequency-
dependent, complex factors controlled by two unknown real constants. This is a gen-
eralization of the well-known static shift effect from electric field galvanic distortion
and can in principal be removed if the magnitude and phase of the regional response
are known at some frequency. Distortion of the magnetic transfer function is shown to
be even more indeterminate, containing a term proportional to one of the regional mag-
netotelluric responses which is inseparably additive to the regional magnetic transfer
function, as well as the complex scaling seen for magnetotellurics. A set of simultane-
ous nonlinear equations describing the full electric and magnetic field galvanic distor-
tion decomposition of the magnetotelluric response tensor and magnetic transfer func-
tion is derived, and methods for their solution are described, including implementation
of jackknife error estimates. The full magnetotelluric decomposition is applied to
severely distorted data from the Canadian shield and seafloor data from the EMSLAB
experiment. In both cases, magnetic field galvanic distortion is important at periods
under a few thousand seconds. This suggests that greater attention to galvanic distor-
tion of the magnetic field is needed during magnetotelluric surveys.

Introduction

In recent years, the quality of magnetotelluric (MT)
response function estimates has improved dramatically,
both because of better instrumentation and due to the
advent of robust processing methods. In many if not
most instances, it has become obvious that a common
electromagnetic induction scenario consists of a back-
ground one- or two-dimensional (1-D or 2-D) structure
coupled with local three-dimensional (3-D) noninductive
(usually called galvanic) distortion of the electric and
magnetic fields. Physically, 3-D galvanic distortion is
caused by the presence of electric charges at discontinui-
ties or gradients in electrical conductivity associated with
small-scale (relative to the background induction scale)
surface structures. These charges will influence the
observed electric field quasi-statically at all periods and
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may also alter the observed magnetic field when the
charges deflect regional electric currents. The 3-D sur-
face structure causes the observed MT response function
estimates to be location-dependent mixtures of the
regional responses; this can include distortion of both
their magnitudes and phases.

Practical analysis of MT data requires correction of
observed MT responses for galvanic distortion, and con-
siderable effort has been expended on this problem. For
a recent review of the field, see Jiracek [1990]. In an
ideal world where large electromagnetic arrays can be
routinely deployed, sufficient data coverage might exist
so that the surface structure can be determined along with
the larger scale, regional one. This is not feasible in
practice because of logistical and economic constraints.
Alternately, a priori knowledge of the surface structure
causing distortion would allow correction for its influence
on electromagnetic data, but the necessary fine-scale
information is rarely available; an exception is the
seafloor study of Tarits et al. [1992], in which the full,
complex electric and magnetic distortion tensors were
computed from bathymetric data and a surface conduc-
tivity model and applied to observed MT responses.
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However, MT data are more commonly collected on a
coarse grid, and a more practical approach to galvanic
distortion removal is based on decomposition of the
observed MT response tensor into some combination of a
set of distortion parameters and a 1-D or 2-D regional
response tensor based on a physical distortion model.
Early results include those of Larsen [1975, 1977] for
weak distortion and Wannamaker et al. [1984] for more
general distortion of a 1-D regional response. Zhang et
al. [1987] extended the model of Wannamaker et al. to
include regional 2-D or 3-D structures, although their
detailed treatment is limited to galvanic distortion of a
regional 2-D electric field by a local 2-D structure. Bahr
[1988] considered local 3-D distortion of a 2-D structure
and presented a parameterization for the tensor describing
electric field distortion along with computational methods
to apply it to observed MT responses.

Perhaps the most widely applied tensor decomposition
is due to Groom and Bailey [1989]. They present a phy-
sical parameterization of the electric field distortion ten-
sor which leads to a set of simultaneous nonlinear equa-
tions for the telluric distortion parameters and regional
2-D response functions. They further show that this
approach, hereafter referred to as the Groom-Bailey (GB)
decomposition, correctly recovers the regional strike and
the two principal regional response functions, except for
a static shift on each (i.e., multiplication by a frequency-
independent real scale factor). Further comparisons of
the GB decomposition with other parameterizations of the
MT response tensor are given by Groom and Bailey
[1991], while Groom and Bahr [1992] present a tutorial
approach to recovering regional conductivity information
from distorted MT responses. Jones and Groom [1993]
showed that estimation of the regional strike in the pres-
ence of local distortion is inherently unstable and
encouraged the simultaneous removal of distortion with
determination of the strike direction. Finally, Zhang et
al. [1993] considered magnetic galvanic distortion of the
magnetic transfer functions and used its behavior to
attempt to discriminate current channeling from induction
effects.

With the exception of Zhang et al., all of this work is
limited in application to galvanic distortion of the electric
field, although magnetic distortion effects are sometimes
described briefly in principle if not in practice. Further-
more, the physical conditions under which galvanic dis-
tortion models may be applicable are often vague,
reflecting the complexity of deriving a tensor decomposi-
tion from the general integral equation describing scatter-
mg of the electric and magnetic field by conductive inho-
mogeneities. These points, taken together with the fre-
quent observation that galvanic distortion of the electric
field alone does not adequately describe observed MT
responses, especially at short periods, suggest that further
examination of the problem is warranted.

In this paper, the galvanic distortion problem is reex-
amined beginning from first principles and the integral
equations describing scattering of the electric and mag-
netic fields from a conductive inhomogeneity. Using an
extended version of the Born approximation due to
Habashy et al. [1993], the relevant conditions which
reduce the integral equation to a tensor form like the GB
decomposition are discussed and the tensor decomposi-
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tion describing electric and magnetic galvanic distortion
is derived. This result is applicable both to the MT
response tensor and to the vertical-to-horizontal magnetic
field transfer function. Magnetic field galvanic distortion
decomposition leads to indeterminacy in the form of scal-
ing of the two principal MT responses by frequency-
dependent, complex factors controlled by two unknown
real constants. This is analogous to static shift for elec-
tric field distortion, and methods to resolve the ambiguity
are examined. The vertical-to-horizontal magnetic field
transfer function decomposition is shown to be even more
indeterminate in the presence of galvanic distortion, con-
taining a term proportional to one of the regional MT
responses which is inseparably additive to the regional
transfer function, as well as the complex scaling of the
MT case. A set of simultaneous nonlinear equations
describing the full electric and magnetic field galvanic
distortion decomposition is derived, and their numerical
solution is described. Because of the nonlinearity of the
decomposition, parametric statistical approaches toward
estimating uncertainties in the decomposed MT tensor are
both inherently imprecise and difficult to implement
unless unreasonable approximations are used. An alter-
nate, nonparametric jackknife procedure is advocated
instead, and its practical implementation is discussed.
The full MT decomposition is applied to a set of severely
distorted long period MT responses from Carty Lake,
Ontario, Canada. While an electric field galvanic model
explains the distortion at periods longer than ~3000 s,
galvanic distortion of the magnetic field must be invoked
at shorter periods. Finally, the complete MT decomposi-
tion is also applied to a single seafloor site from the
EMSLAB project, and magnetic galvanic distortion is
shown to be significant at periods under about two hours.

Galvanic Distortion From First Principles

In the sequel, vectors are shown in boldface or with an
overstriking arrow, while tensors are denoted by a dyad
sign. The transpose of a vector or a tensor is assumed to
be Hermitian (complex conjugate transpose) when the
variables are complex. Vectors are assumed to be colum-
nar, so that their transposes become row vectors.

The differential equation for the electric field under the
quasistatic (pre-Maxwell) approximation in nonmagnetic
media, in the absence of explicit sources, and with e™®*
time dependence suppressed is

VxVXE®) - ioy, 0, E@) =ioy,do(r)Ef@) (1)

where the symbols have their wusual meaning,
do(r)=c(r)~oc,, and o, refers to the background or
regional conductivity structure. The solution procedure
can in principle be generalized to include 1-D or 2-D
background structures o,, but this requires gruesome
analytical or numerical efforts, obscuring the surface dis-
tortion phenomenon which is of interest, and will not be
further pursued. Because the electric field at an observa-
tion point r may be in a different direction to that at a
source point r’, the solution of (1) must be obtained using
a tensor or dyadic Green function, as described by
Yaghjian [1980] or Habashy et al. [1993]. For points
both internal and external to the scattering body, the elec-
tric field is described by the integral equation
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E(r) = E° () + i o}, [ dr'g(rr)do() E(r)
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where V, refers to the volume of the distorting body.
The scalar wholespace Green function g (r,r) is given by

iy, Ir-r'l
e (o

4rtlr-r| ®

where v,=Vi oM, 0,. The first term in (2) is the electric
field due to the regional structure, while the second and
third terms are the inductive and galvanic scattered com-
ponents due to an inhomogeneity. Applying Ampere’s
Law to (2) gives an analogous integral equation for the
magnetic induction

B(r) =B°(r) + 4, fo dr g r)oc@)EFX) @)
VJ

glrr) =

Note that E and B in (2) and (4) may each contain three
vector components.

The method of solution for (2) and (4) is an extension
of that given by Groom and Bahr [1992]. A common
procedure for solving (2) is based on the Born approxi-
mation in which the internal electric field in the integral
terms is replaced with its background value or would at
least require that the internal electric field be constant
across the distorting body. These approaches involve
implicit geometric conditions on the distorting body, and
the Born approximation is accurate only when the
difference between the internal and background electric
fields is small. This led Habashy et al. [1993] to suggest
an extension of the Born method, called the localized
nonlinear (LN) approximation, in which the internal elec-
tric field behind the integral signs in (2) and (4) is
replaced with

E@) = Tor)- E°(r) G)

where the depolarization tensor is given by

-1
T = [‘I’- (i op, T+ —VV) [ dr g(r,r’)sc(r’)] ©)
VS

1
00
where T is the identity tensor. Expanding (6) in a Taylor
series shows that the LN approximation accounts for mul-
tiple internal scattering in the distorting body, leading to
an internal electric field which varies spatially. In the
low-frequency limit, the LN approximation includes a
correction for boundary charge-induced variations in the
internal electric field which are not allowed under the
Born approximation. Habashy et al. [1993] show that
this leads to substantially more accurate solutions under
the conditions which prevail in MT problems and will
yield good results unless the conductivity contrast
between the surface inhomogeneity and the regional
structure is many orders of magnitude. Note that in the
DC limit, (6) is real and hence the internal and back-
ground electric fields are in phase, while this condition
fails when the inductive term is significant.

To solve (2) using (5), it is also expedient to assume
that the background electric field is uniform across the
distorting inhomogeneity and can be approximated at the
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inhomogeneity by its value at the observation point r.
The first condition is equivalent to requiring that the
inductive scale in the background medium and the source
field scale be substantially greater than the largest dimen-
sion of the distorting body. The second condition is not
a problem for a 1-D background model presuming source
field homogeneity but might pose difficulties for more
complex regional structures. Under these assumptions,
(5) is replaced by

E@) ~ Fer) E @) @)
and the background field may be removed from the

integral in (2) to give

o

E@) ~ E°(r) + [imuo‘h Gl_vv } Fo Ew® @

where

ﬁ(r) = f dr’ g (r,r)do() ?(r') )
V.Y

Note that the first condition cited above could be met by
replacing E°(r) in the second term of (8) with E°(ry),
where r, is a point within V;. This would not give a
useful tensor decomposition since it is the regional elec-
tric field at the observation point which enters into the
MT response function, and leads to the second require-
ment stated earlier. Note also that the cited conditions
can be expected to vary considerably with location. For
example, the inductive scale will be much smaller (or the
regional field gradient will be much larger) very close to
a contact in a 2-D background structure as compared to
distant points, and the size of distorting inhomogeneities
which can be treated, as well as the ranges over which
they can be modeled, using a tensor decomposition can
be expected to differ correspondingly. Since the physical
dimensions of the inhomogeneity are rarely known a
priori, these conditions cannot usually be directly applied,
but their violation may explain some instances where ten-
sor decompositions fail.
Equation (8) may be rewritten in the form

E(r) = 8y E° () (10)
where the 3x3 electric field distortion tensor is given by

G =T+ [i op, T+ _ol_vv ] ) (11)

The elements of 63 will be complex unless the inductive
terms in (6) or (11) are small compared with the galvanic
terms, or equivalently, unless the induction number is
substantially less than unity. When this holds, then 63
describes galvanic distortion of the electric field. The
distortion tensor elements are also functions of position,
and the distortion tensor at one point will generally be
different from that at another, depending on the geometry
of the inhomogeneity. This suggests that the distortion
parameters contained in C; are not in themselves
inherently interesting, but rather serve as an avenue for
estimating the undistorted regional MT response.

At Earth’s surface where the normal electric current
(and hence normal electric field) vanishes, the vertical
and horizontal electric field components are related by
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E, = ST-E, (12)

where S is a vector of frequency-independent constants.
For example, when the earth-air interface is horizontal,
then S is null, while it contains the local direction cosines
at the observation point in the presence of topography.
The electric distortion tensor (11) may be partitioned into

6 -
o

where ﬁz is a second rank tensor, \7 is a two-element
column vector, and P7 is a three-element row vector.
Combining (10) with (12)-(13) yields

E, () = C(r)- E{(r) (14)

where C is the 2x2 tensor describing distortion of the
horizontal electric field given by

Co =8 +y@) 7@ (15)

Its elements are real under the same conditions as for 63:
when the inductive terms are small compared to the gal-
vanic ones in (6) or (11). A further caution is required
for ocean-based measurements since the normal com-
ponent of E does not necessarily vanish at the seafloor,
and hence (12) does not hold exactly. However, the part
of oceanic E, due to external sources is typically small
compared to the horizontal components when the bottom
is relatively flat-lying, and (12) should be satisfied
approximately. This could break down in the presence of
strong topography where the elements of S may be quite
frequency-dependent, depending on the underlying con-
ductivity structure.

The derivation of the tensor describing magnetic field
distortion is very similar to that for the electric field.
Substituting (7) into (4) gives

(13)

B(r) ~ B° (1) + B;(0)- E° () (16)
where
B.o0) = u, VxFa) 17
The horizontal components of (16) are given by
B, (r) = B{(®) + D) Ef () (18)
where
B = By + Er)- ST () (19)

and B, has been partitioped like (13), with B,, Z, and &
replacing 62, y, and , respectively. The remaining
vertical component of B is given by

B, (r) = BJ(r) + Q" (r)- E{(r) (20)

where
Q) =E,(r) + &S 03}

and _C;fh and E, are the horizontal and vertical parts of g,
respectively. The elements of D and Q will be real
under the same conditions as apply to the electric distor-
tion model. Furthermore, the same cautions about apply-
ing (18) and (20) to seafloor data must be invoked.

The observed MT response tensor contains four
complex elements and is related to the observed electric
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and magnetic fields by E, =2'Bh. The regional MT
response tensor Z, is antidiagonal, containing two com-
plex elements since the regional fields are assumed to be
due at most to a 2-D structure and satisfies Ef = Z, - Bp.
Combining these definitions with (14) and (18) gives

E, =C-Z,-@0+B-%Z,)" B, 22)

so that the observed and model MT response tensors are

related by
7=C%, 8+B Zy)? (23)

where the position dependence of the tensors in (22)-(23)
has been omitted. Equation (23) holds in strike coordi-
nates where the observation coordinate system coincides
with that of the regional structure; the elements of C and

then contain the distortion parameters in the strike
reference system. In the galvanic limit where all of the
parameters in the distortion tensors are real, the electric
field distortion tensor C has an effect on the observed
response which is frequency independent but can result in
shifts in the magnitudes and mixing of the phases of the
regional 2-D responses. By contrast, the magnetic field
distortion tensor D can change both the magnitudes and
phases of the observed response as a function of fre-
quency because it multiplies the complex, frequency-
dependent regional response tensor Z,. However, the
magnetic distortion term B%’% decays with decreasing fre-
quency approximately as ®” and hence will decline in
importance as the frequency drops.

The observed and regional vertical-to-horizontal mag-
netic field transfer functions satisfy B, = M’ -B, and
B2 =(M°)! -B?, respectively.  Combining these
definitions with that for the regional MT response tensor,
(18), and (20) yields a relation between the observed and
regional magnetic transfer function

M7 =M +Q7-Zy)-&+B- 2y @

Note that (24) involves a term additive to the regional
magnetic transfer function and proportional to the
regional MT response tensor as well as a multiplicative
tensor term, while (23) is only a multiplicative tensor
relation. This means that the magnetic transfer function
decomposition cannot be estimated independent of that
for the MT response tensor, a fact which is not surprising
given (4).

Indeterminacy of the Distortion Parameters

By expanding in a Pauli spin matrix basis, Groom and
Bailey [1989] showed that the electric galvanic distortion
tensor in (14)-(15) can be further decomposed into the
product of a scalar and three tensors

€=5sT8 R (25)

where T, S, and & are called the twist, shear, and aniso-
tropy tensors, respectively, and each contain a single real
scalar parameter in the galvanic limit. Groom and Bailey
described the physical meaning of these three tensors,
proved that the decomposition is unique under reasonable
assumptions about the MT response tensor, and showed
that only the twist and shear parameters can be deter-
mined from a given MT response tensor. The site gain g
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and anisotropy parameter in X are uniquely determined
only if the magnitudes of the two principal responses in
22 are independently known at some frequency. This is
analogous to the well-known static shift effect in which
each of the principal MT responses can be multiplica-
tively scaled by a real parameter which cannot be
estimated without a priori information; the site gain and
anisotropy terms replace the usual static shift parameters.
Anisotropy caused by the local structure (as described by
A) cannot be distinguished from regional anisotropy con-
tained in Z,, and hence A may be subsumed into 22.
This leaves only the site gain as a free parameter. Thus,
the GB electric galvanic distortion decomposition is
indeterminate without ancillary information on either the
MT response tensor or the actual electrical structure.

The full electric and magnetic distortion decomposition
(23) contains additional indeterminacy, as will now be
proved. The magnetic distortion tensor may be

parameterized as
- a
5|32

ghere the four parameters are real in the galvanic limit.

may be ex;i_))anded into the sum of antidiagonal and
diagonal parts D, and BD. It is easy to show that (23)
may be written

(26)

7=C%, &8+Bp, Z)* Q7

where Z, = Z, - @+B, -Z,)". 7, and 7, are not distin-
guishable since the forms of the tensor decompositions in
(23) and (27) are identical. Only the diagonal part of
in (26) may be estimated from measured MT response
functions. Furthermore, in the presence of galvanic dis-
tortion of the electric field, the diagonal part of D can be
uniquely estimated only when the site gain g and local
anisotropy A are known. To see this, substitute (25) into
(27) and rewrite the latter as

Z2=%8.%2, @Q+D, -7, (28)

where Z;=g&-Z; and B, =B, K Yg. Again, since
the form of (28) is identical to that of (27), neither Z,
and Z, nor Dy and Dy may be distinguished without a
priori information.

Another interesting type of indeterminacy to the distor-
tion tensor decomposition can be exposed. Define a new
matrix W=diag{e+t,e—t}, where ¢ and ¢ are the shear
and twist parameters given by Groom and Bailey [1989]
and in the Appendix. Equation (28) may be rewritten

Z=FSW'WZ @+Bp - ¥ W-Zy" 29

which is not different in form from (28). The tensor

-1 is symmetric, and Smith [1993] shows that this
form of the distortion decomposition describes 2-D sur-
face distortion of a regional 2-D structure which is not
distinguishable from 3-D surface distortion without ancil-
lary information (e.g., independent knowledge of the geo-
logical structure). Smith also derives the strike for 2-D
distortion by examining the eigenvalues and eigenvectors
of the distortion tensor and shows that this is generally
different from that given by the GB decomposition or its
extensions even though both are estimated from the same
data.
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The indeterminacy in the electric and magnetic gal-
vanic distortion decomposition can be resolved if the
magnitude and phase of each of the principal regional
responses are known at some frequency. This is gasily
demonstrated by multiplying out the elements in 22 to
give

0 g(I+s)a
Y I-Ba
R P G0
T I-ab

where s is the anisotropy parameter, and a and —b are
the regional MT responses (see the Appendix for
definitions). In the absence of magnetic distortion, (30)
contains the two principal responses scaled by the static
shift parameters g(l+s) and g(l-s), respectively, and
hence two real parameters suffice to fix the magnitudes of
the response at all frequencies. In the presence of mag-
netic distortion, (30) defines four real equations which,
after rearrangement, are linear in the four unknowns
g(1-s), g(1+s), a, and B and can be solved uniquely if
a and b are specified at some frequency provided that
the elements of Z’z are not strictly real. Since a and b
are rarely known a priori at even one frequency, a more
practical way to remove the nonuniqueness might involve
making the unknown amplitude and phase shifts at each
MT site free parameters to be estimated along with the
conductivity structure during inversion. A similar pro-
cedure to remove ordinary static shift has been described
by Smith and Booker [1991].

The magnetic transfer function (24) suffers from even
more extensive indeterminacy than the MT response ten-
sor, as is easily demonstrated. Expanding the magnetic
distortion tensor D into diagonal and antidiagonal parts,
(24) may be rewritten

M =(M°)T+Q'T-Z) - @+Dy -2y (3D

where M°) T =M°)T - T+B, -Z»)" and Q'=&""-Qg.
The form of (31) is not distinguishable from that of (24),
and hence the regional magnetic transfer function is
indeterminate by the same tensor factor as is the regional
MT response tensor. Since the nonuniqueness takes the
form of a frequency-dependent complex scaling of the
regional transfer function controlled by real frequency-
independent parameters, it can in principle be resolved if
the regional transfer function is known at some fre-
quency, as for the pure MT case. However, noting that
(M°Y=(0,c)" and Q'=(g,.g,)", the first term in (31) is a
row vector (—q,b.c+q.a), where a and b are the
regional MT responses. On the complex plane, only the
component of ¢ perpendicular to a can be computed, and
the part which is in phase gets inextricably mixed up
with the MT response. Since a itself has an indeter-
minate phase caused by distortion of the horizontal mag-
netic field, it is not generally possible to know the true
phase of c. It is only possible to separately estimate g,
and the part of ¢ which is out of phase with a, or, alter-
natively, ¢, a may be subsumed into the complex param-
eter ¢. In either instance, there are only two free param-
eters in this component of the magnetic transfer functions
that are obtainable from data. Zhang et al. [1993] recog-
nized this additive indeterminacy in their work on the
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magnetic transfer function, and solved for ¢ and g,a by
assuming that they are orthogonal.

Numerical Solution of the Decomposition

The tensor form of the complete electric and magnetic
galvanic distortion decompositions for the MT response
tensor and magnetic transfer functions may be written as
sets of four and two complex nonlinear equations (equa-
tions (A10)-(A13) and (Al15)-(Al6), respectively, in the
Appendix). These may in turn be rewritten as sets of
eight and four real nonlinear equations and solved in a
desired combination for any number of data using
standard routine LMDER1 from the MINPACK library,
which is based on a modified Levenberg-Marquardt algo-
rithm. This does require analytic computation of the
Jacobian derivatives for each equation; the improvement
in accuracy justifies the algebraic difficulty. Note also
that these equations may be solved either for individual
MT sites or, at the penalty of a much larger computa-
tional load, simultaneously for a large array of MT sta-
tions. In the latter case, the regional azimuth may be
assumed common to all of the sites with the remaining
distortion parameters reflecting the location dependence
inherent to the tensor decomposition.

While the assumption of 3-D local distortion acting on
a 2-D inductive response has empirically been observed
to be common, it will not be valid in all cases, and it is
essential that tests for the appropriateness of the model be
devised. Groom and Bailey [1989] discuss two
approaches: statistical tests for the goodness of fit and
examination of the frequency dependence of the distor-
tion parameters. The second of these is based on the
premise that the distortion model is realistic when the
decomposition parameters are frequency-independent over
a range of frequencies; it would not be surprising for a
local structure to show inductive effects (and hence a
nongalvanic response) at high frequencies, depending on
the actnal geometry, conductivity, and nature of the cou-
pling between the surface and regional structure. Groom
and Bailey [1989] and Groom and Bahr [1992] show
numerous examples, and the general principles they
espouse are equally applicable when the magnetic distor-
tion extensions of this paper are made. Of course, con-
clusions about the appropriateness of a local distortion
model are always strengthened if nearby sites with very
different measured MT responses give similar regional
azimuths and consistent regional responses after decom-
position.

A variety of goodness of fit tests have been used for
tensor decomposition. Groom and Bailey [1989] utilized
the root-mean-square relative error of fit, which does not
depend on the uncertainties in the measured response
functions. However, if the data have been processed
robustly (so that they are not biased by heteroscedasticity
in the data) and reliable confidence intervals on them are
available, then the standard x? test for goodness of fit is
reliable and offers the advantage that significance levels
can be estimated easily if the equivalent number of
degrees of freedom is known. The latter depends criti-
cally on the manner in which the tensor decomposition is
applied. There are 8 degrees of freedom in the observed
complex MT response data at each frequency and an
additional four if the magnetic transfer function is avail-
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able. For electric field distortion of the MT response
function, a frequency-by-frequency decomposition may
be obtained which requires seven parameters (the two
complex principal response functlons twist, shear, and
regional azimuth), and the x? test will have a smgle
degree of freedom, so that the expected value of is 1,
while the 95% level is 3.84. If the electric field decom-
position is applied over broad frequency bands,
presuming that frequency independence of the parameters
has been established, then each frequency has four
degrees of freedom (due to the two complex frequency-
dependent principal response functions) less those for the
remaining three telluric distortion parameters, which are
assumed to be evenly distributed across the band. The
latter usually constitutes a small reduction, and hence the
degrees of freedom may be assumed to be 4. The
expected value of x> is then approximately 4, and the
95% level is 9.49. However, when magnetic distortion
decomposition is included and the decomposition is
applied on a frequency-by-frequency basis, there are nine
parameters to be estimated from eight MT data, and the
problem is formally underdetermined. I the magnetic
transfer function is decomposed simultaneously with the
MT tensor, there are 12 parameters to be estimated from
12 data, and the fit will be exact. The underdetermined
MT magnetic distortion problem can be solved only over
frequency bands containing two or more entries. In this
instance and when the estimates are independent, each
frequency contains 4 degrees of freedom with a slight
reduction due to the five distortion parameters which are
again assumed to be distributed evenly across the band.
Decomposition of the full MT and magnetic transfer
function across frequency bands gives 6 degrees of free-
dom, again less that for the remaining seven parameters
distributed across the band. A further caution is required
because parameter fitting over frequency bands adds
degrees of freedom to the data only when the estimates
are independent, a condition which is at best approximate
for the MT response tensor at adjacent frequencies due to
both estimator- and physics-induced correlation, and
erratic results are often achieved unless the bands are
sufficiently wide.

Finally, for any tensor distortion decomposition to be
useful it is essential not only to correct the response func-
tion estimates themselves but also to get meaningful
confidence limits on the resulting regional responses.
The latter is essential for subsequent modeling of the
data, but it is not a simple matter when the transforma-
tion is nonlinear. Groom and Bailey [1991] decompose
the MT tensor using the measured mean responses, then
determine the spread of the parameters as the measured
values are allowed to vary over the range delimited by
their uncertainties. In some instances this yields a statist-
ically indefensible situation where the mean lies outside
the inferred error interval. Furthermore, it is unlikely
that parametric confidence interval estimation based on
the distributions of the tensor decomposition will ever be
feasible because those distributions are unknown. Deriv-
ing them from the distributions for the response func-
tions, which are a complicated multivariate form of the
t-distribution even for the simplest stationary Gaussian
process [Brillinger, 1981], would be hopelessly difficult.

In the field of statistical inference, parametric estima-
tors have been displaced by newer nonparametric types
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due to the latter’s computational simplicity and better
performance in complicated situations. The most fre-
quently used nonparametric method is the jackknife.
Application of the jackknife to estimation of the
confidence limits on the MT response tensor is described
by Chave and Thomson [1989], while Thomson and
Chave [1991] give a complete description of the jack-
knife in spectral analysis. The jackknife is based on suc-
cessive resampling with replacement of the available
data; these must be independent but not necessarily ident-
ically distributed. For example, suppose that the variance
of a statistical parameter O is desired .(where 6 may
depend in any manner, including nonlinearly, on the data)
and that N data are available. Denote by O_; the N
delete-one estimates computed by solving for © after
eliminating one data value at a time. Then the jackknife
estimate of the variance is

1 N (. =)
= ML 3 [o.-9)

i=]

(32

where O is the arithmetic mean of the delete-one esti-
mates. Confidence intervals on 6 follow directly from
the definition. The computational situation in (32) is
slightly more complicated for regression problems
because the problem is unbalanced and the solution is
vector valued, hence the scalar variance is replaced by a
variance-covariance matrix form. The required exten-
sions are discussed by Chave and Thomson [1989] and
Thomson and Chave [1991]. Aside from the computa-
tional simplicity seen in (32), the jackknife yields conser-
vative estimates of the variance; Efron and Stein [1981]
show that the expected value of the jackknife variance
slightly exceeds the true variance even when the data are
not identically distributed.

Jackknife estimation of the variance of the decomposed
response tensor requires saving the delete-one estimates
of the measured MT response tensor and magnetic
transfer functions. These are computed for each fre-
quency in the measured response tensor by sequentially
deleting the raw section Fourier transforms used to esti-
mate the responses, as described by Chave and Thomson
[1989]. The jackknife estimate of the various galvanic
distortion parameters and regional responses then
becomes a straightforward solution of the decomposition
equations in turn using the delete-one values, followed by
application of the multivariate equivalent of (32). Note
that this yields the full variance-covariance matrix for the
solution. Since it is usually the variances on the regional
responses that are of interest rather than those for the dis-
tortion parameters, it is computationally expedient to fix
the latter at the values obtained with the measured mean
responses and jackknife only for the regional response
uncertainties. In the absence of magnetic distortion, this
reduces the decomposition equations to a linear set which
is efficiently solved using QR decomposition rather than
a nonlinear equation algorithm,

Examples and Discussion

A set of extended period (200-200,000 s) magnetotel-
luric data were collected using long (=1 km) electrode
lines placed at the bottom of Carty Lake (48°10°N,
82°42’W) in central Ontario, Canada. A triaxial ringcore
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fluxgate magnetometer was buried on the shore of the
lake, with a second remote reference unit placed 35 km
to the southwest. The field site is located in the Kapus-
kasing structural zone which lies within the Superior Pro-
vince of the central Canadian shield and is characterized
by limited sediment cover over crystalline rock. Experi-
mental details and an interpretation of the sounding
curve, which is very nearly 1-D in behavior, are given by
Schultz et al. [1993]. In the present paper, only the gal-
vanic tensor decomposition of the data will be examined
in detail.

The Carty Lake site is proximal to the auroral zone,
and the data exhibit frequent episodes of energetic, non-
plane wave source field behavior. Even with robust
remote reference processing as described by Chave and
Thomson [1989], it was not possible to obtain unbiased,
minimum phase response functions over any part of the
frequency band. This was due to extreme leverage
effects from anomalous magnetic field data sections
which were usually, but not always, associated with obvi-
ous disturbed intervals. Such leverage points are not
removable using a conventional robust estimator which
detects outliers based on the size of the regression residu-
als. The problem was solved by extending the robust
remote reference algorithm of Chave and Thomson to
include data weighting based on a standard statistical
measure of leverage [Hoaglin and Welsch, 1978]: com-
paring the diagonal elements of the hat matrix to their
expected values. This resulted in a reduction of the data
variance by ~40%, but the final response tensor is
unbiased and minimum phase, and the procedure is sta-
tistically justifiable based on the distributions of the final
regression residuals and hat matrix diagonal. Further
details will be published elsewhere.

Figure 1 shows the four elements of the MT response
tensor in geomagnetic coordinates, where the x-axis is
pointed north and the y-axis is pointed east. For clarity,
the data are presented as real and imaginary parts scaled
by VI'. Note that the data scatter increases markedly at
periods longer than =20,000 s; this is due to inability to
completely remove bias caused by a relatively broadband
component of the non-plane wave solar daily variation, a
problem which plagues long-period MT [e.g., Egbert et
al., 1992]. However, it is apparent that the Z,, term has
a larger magnitude than the antidiagonal response tensor
elements over most of the period range, while the Z,,
term is significantly different from zero at periods shorter
than 10,000 s. Attempts to diagonalize the tensor using
conventional methods fail completely. These data are
severely distorted and cannot be interpreted without
correction.

The standard electric field galvanic distortion model of
Groom and Bailey [1989] was fit to the MT response ten-
sor without requiring frequency independence of the
decomposition parameters (Figure 2). The resulting >
misfit was below the 95% confidence threshold at periods
longer than ~1200 s but much larger (>20) at shorter
periods (Figure 3). There is limited variability of the
twist and especially the shear at periods shorter than
~20,000 s but significantly more fluctuation of the
regional azimuth, a phenomenon which is frequently
observed with distorted MT data, as documented by

Jones and Groom [1993]. However, sufficient frequency



4676 CHAVE AND SMITH: GALVANIC DISTORTION DECOMPOSITION
100 F 100 F
. 50 . 50
S oltmg | 5 0liE gz
] __50 - iﬁ. “. 8 —50
N %. L) N ...~.
—100 e %, —100
—150 b w1 wuny ) ot -150k
105 104 103 105 104 103
Period (s) Period (s)
100 F - 100 F
5OL . e i 501 _
5 O LUG gme e oeees® Ny O i1 my i vousul 5 5ccee
& —50F & =50+
—100+ —-100
—150:L_.|.|.LU.LLI_I_I.I.LLIJJ_L_I_U.LLLU_|_L '—750 CL_ueii b o @ eyt
105 104 103 105 104 108
Period (s) Period (s)
Figure 1. The four elements of the MT response tensor from the Carty Lake data described in the
text. The coordinate system has the x- and y-axes oriented to the geomagnetic north and east,
respectively. In each case, the real (solid circles) and imaginary (solid squares) parts along with
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Figure 2. The twist (solid circles), shear (solid squares),
and regional azimuth (solid triangles) for a frequency-
by-frequency electric field galvanic distortion model fit to
the Carty Lake data of Figure 1. The regional azimuth is
the positive clockwise rotation from the observation
(geomagnetic) coordinate system to the regional one,
while the twist and shear angles are positive clockwise
relative to the regional strike.

Figure 3. The y? misfit for the frequency-by-frequency
electric field galvanic distortion model whose parameters
are shown in Figure 2. Since there are eight data at each
frequency, while seven parameters are fit, there is 1
degree of freedom per estimate. The 95% value for the
x? test at 1 degree of freedom is shown as the dashed
line. The model fit is not acceptable at periods below
=1500 s using a 95% criterion.
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independence of the parameters is present to justify
attempting to fit a model with invariant twist, shear, and
azimuth. The resulting x> misfit is shown in Figure 4.
The twist of 38.6° and shear of 40.4° are commensurate
with the severely distorted nature of the data in Figure 1,
while the regional azimuth is -18.0°. The misfit statistic
in Figure 4 clearly indicates that the model is inappropri-
ate at the short-period end of the range; virtually all of
the estimates exceed the 95% threshold for 4 degrees of
freedom at periods below =3000 s.

Misfit of the electric field galvanic distortion model at
relatively short periods but not at longer ones is sugges-
tive of magnetic field galvanic distortion. Accordingly,
the full electric and magnetic field galvanic distortion
model was applied to the Carty Lake MT response tensor.
As discussed earlier, frequency-by-frequency model fits
are not possible owing to the underdetermined nature of
the problem when magnetic distortion is included. Pair-
wise model fits are numerically feasible but usually lead
to substantial scatter in the parameters which suggests
statistical instability, probably due to the high degree of
correlation between adjacent frequencies in the MT
response estimate. Overlapping three-frequency-wide
bands produced more consistent results. This confirmed
the suitability of an electric and magnetic galvanic distor-
tion model with frequency-independent elements at
periods below a few thousand seconds. To produce a
consistent estimate at all periods, the magnetic distortion
parameters are first fit to the data at periods shorter than
1200 s where the magnetic galvanic distortion model is
appropriate, then fixed to the solution values at all
periods while the electric distortion parameters are com-
puted. This produces essentially no change to the
decomposed response as compared to the electric only
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Figure 4. The x> misfit for the frequency-independent
electric field galvanic distortion model of the Carty Lake
data as discussed in the text. Since there are eight data
at each frequency, while four parameters are fit at each
plus three parameters are fit simultaneously at all fre-
quencies, there are slightly fewer than 4 degrees of free-
dom per estimate. The 95% value for the x> test at 4
degrees of freedom is shown as the dashed line. The
model fit is not acceptable at periods below =~3000 s
using a 95% criterion.
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result at long periods because of the low frequency
decrease in the magnitude of B , in (23). However,
(23) constitutes a nonlinear set of equations, and hence
interaction of the electric and magnetic distortion parame-
ters is to be expected. This is manifest in the resulting
twist parameter, which has increased substantially to
59.5°. The shear is virtually the same at -40.1°. The
regional azimuth is also increased to -42.6°. Remember-
ing that the MT azimuth is always ambiguous by 90°,
this value is consistent with regional fault structures in
the area which strike to the geographic northeast. The
magnetic distortion parameters y and £ are 0.0042 and
0.0724, respectively, in units of n”T-m/uV. The x> misfit
is shown in Figure 5. There are eight data at each fre-
quency, while four frequency-dependent parameters are
fit at each together with five parameters spread over all
frequencies, and hence there are slightly fewer than 4
degrees of freedom per frequency. The model fit is
acceptable at the 95% level, with only one of the 24
values exceeding this threshold.

Figures 6 and 7 compare the principal regional
response tensor components obtained from the electric
field only and electric plus magnetic field galvanic tensor
decompositions whose misfits are shown in Figures 4. and
5. In each case, the dashed lines denote the 95%
confidence bounds on the apparent resistivity and phase
at the regional strike azimuth. Without correction for
static shifts, this corresponds to the most conductive
direction for the electric field model, but to the resistive
direction for the full electric and magnetic distortion
model, reflecting the 90° ambiguity of the strike direction
which always prevails in MT. Note the substantial phase
splitting and non-parallel apparent resistivity curves at
periods below a few thousand seconds for the electric

102 C
= A ..
E 70 .. ...
= A -
0 L L [ ° ° °
‘-\IX 10 L. . o e °
70—1 _I Per e 41 TN .| et
10° 104 103
Period (s)

Figure 5. The %? misfit for the frequency-independent
electric and magnetic field galvanic distortion model of
the Carty Lake data as discussed in the text. Since there
are eight data at each frequency, while four parameters
are fit at each plus five parameters are fit simultaneously
at all frequencies, there are slightly fewer than 4 degrees
of freedom per estimate. The 95% value for the x~ test
at 4 degrees of freedom is shown as the dashed line. The
model fit is acceptable at all periods using a 95% cri-
terion.
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Figure 6. The principal apparent resistivities (bottom
panel) and phases (top panel) for the electric field gal-
vanic decomposition model of the Carty Lake data whose
misfit is shown in Figure 4. The symbols show the mean
value of the parameter at each frequency, while the solid
and dashed lines show the 95% confidence interval bands
computed using the jackknife. The circles correspond to
the response element in the direction indicated by the
regional strike.

field decomposition in Figure 6. By contrast, inclusion of
magnetic field distortion substantially reduces the phase
splitting and produces apparent resistivity curves which
are parallel over most of the range.

While the combined electric and magnetic distortion
model explains the Carty Lake data well, it is also possi-
ble to incorporate the magnetic transfer function into the
decomposition process. This can be done either by
simultaneously solving the magnetic transfer function
equations (A15 and A16 in the Appendix) with their MT
counterparts or as a separate step using the parameters
and regional responses from the MT decomposition.
Both of these approaches fail with the Carty Lake data;
the statistical misfit is degraded compared to that using
only the MT response tensor, and the galvanic distortion
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model fails to reproduce the observed magnetic transfer
function. Most of the problems occur in the transfer
function between the vertical and north magnetic fields.
The misfit is due to a persistent bias of the observed
transfer function relative to the predicted one. While the
cause is not certain, it is probably due to source field
effects which are not removed by robust, controlled lev-
erage estimation of the transfer functions. Source effects
will certainly be more severe in the magnetic transfer
function than in the MT response tensor, and problems in
the vertical-to-north magnetic field transfer function are
consistent with a source field mechanism, In any case,
the magnetic transfer functions are not required to
decompose the MT response tensor, as attested to by the
acceptable misfit in Figure 5.
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Figure 7. The principal apparent resistivities (bottom
panel) and phases (top panel) for the electric and mag-
netic field galvanic decomposition model of the Carty
Lake data whose misfit is shown in Figure 5. The sym-
bols show the mean value of the parameter at each fre-
quency, while the solid and dashed lines show the 95%
confidence interval bands computed using the jackknife.
The circles correspond to the response element in the
direction indicated by the regional strike.
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On the basis of analyses of data from many sites, mag-
netic field galvanic distortion appears to be especially
important for seafloor MT data, probably because rela-
tively resistive rocks immediately beneath the oceanic
crust cause strong electric current concentration and
channeling within the highly conductive ocean. A good
example is available in the data from site SF3 in the
EMSLAB experiment (45°9.0’N, 125°34.9’W) which
were collected on the Juan de Fuca plate seaward of
northwestern North America in 1985. Experimental
details are reported by Wannamaker et al. [1989]. The
original time series were reprocessed using the robust,
controlled leverage method described previously and a
nearby seafloor magnetic field record (site SF4) as a
remote reference. Figure 8 shows the frequency-by-
frequency electric field galvanic distortion parameter fit
to the SF3 data. The parameters are approximately
frequency-independent over two bands, with a rather
abrupt transition occurring at about the 3000 s period. At
the short-period end, the twist and shear are small, while
the regional strike is nearly aligned with geographic north
(which corresponds to an azimuth of (°) and the coastline
of North America. At the long period end, the twist is
essentially unchanged, but the shear is about 25° and the
regional strike is about -40°. Figure 9 shows the x°
misfit for the distortion decomposition. While the fre-
quency independence of the parameters in Figure 8 cer-
tainly suggests the appropriateness of a galvanic distor-
tion model, Figure 9 indicates that its statistical fit is
poor, especially in the vicinity of the transition region in
Figure 8. The peak value of y” is in excess of 100. A
frequency-independent electric field galvanic distortion
model can easily be fit to the data above and below the
transition period of Figure 8 with some degradation in the
misfit. Comparison of the model to the measured MT
response tensor elements shows that most of the misfit
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Figure 8. The twist (solid circles), shear (solid squares),
and regional azimuth (solid triangles) for a frequency-
by-frequency electric field galvanic distortion model fit to
the EMSLAB site SF3 data described in the texi. The
regional azimuth is the positive clockwise rotation from
the observation (geographic) coordinate system to the
regional one, while the twist and shear angles are positive
clockwise relative to the regional strike.
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Figure 9. The y2 misfit for the frequency-by-frequency
electric field galvanic distortion model whose parameters
are shown in Figure 8. Since there are eight data at each
frequency, while seven parameters are fit, there is 1
degree of freedom per estimate. The 95% value for the
x? test at 1 degrees of freedom is shown as the dashed
line. The model fit is not acceptable at most periods
using a 95% criterion.

occurs for the diagonal elements Z,, and Z,,. These ele-
ments are considerably smaller than their antidiagonal
counterparts but remain significantly different from zero
over most of their period range.

Figure 10 shows the electric distortion parameters for
an electric and magnetic galvanic decomposition of the
SF3 data which has been constrained to be separately
frequency-independent above and below the transition
period seen in Figure 8. Figure 11 shows the correspond-
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Figure 10. The twist (solid circles), shear (solid
squares), and regional azimuth (solid triangles) for a
frequency-independent electric and magnetic field gal-
vanic distortion model fit to the EMSLAB site SF3 data
described in the text. The regional azimuth is the posi-
tive clockwise rotation from the observation (geographic)
coordinate system to the regional one, while the twist and
shear angles are positive clockwise relative to the
regional strike,
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Figure 11. The x? misfit for the frequency-independent
electric and magnetic field galvanic distortion model of
the EMSLAB site SF3 data as discussed in the text.
Since there are eight data at each frequency, while four
parameters are fit at each plus five parameters are fit
simultaneously at all frequencies, there are slightly fewer
than 4 de§rees of freedom per estimate. The 95% value
for the x* test at 4 degrees of freedom is shown as the
dashed line. The model fit is acceptable at most periods
using a 95% criterion; see text for discussion.

ing misfit statistic. It is clear that the inclusion of mag-
netic field distortion has greatly improved the fit of the
galvanic distortion model by reducing the peak value of
x* by more than a factor of ten. Four of the 23 frequen-
cies still exceed the 95% level for ¥ Of these four
values, the two longest period ones are probably contam-
inated by solar daily variation source fields and are per-
sistently misfit at other EMSLAB sites. The remaining
two periods are in the region where the distortion param-
eters are in transition, where a galvanic distortion model
with the given parameters may not be appropriate.

The pattern observed in Figure 9 is also seen at most
of the remaining EMSLAB seafloor MT sites, with some
weakening of the effect at those close to the Juan de
Fuca Ridge. It is relatively simple (if computationally
intensive) to fit an electric and magnetic galvanic distor-
tion model simultaneously to many of the seafloor
EMSLAB sites by requiring location-specific distortion
parameters but a common regional strike. The results are
comparable to those shown here. Remembering the 90°
ambiguity of the regional azimuth, the long period strike
is in approximate alignment with the true spreading
direction of the Juan de Fuca plate which is oblique to
the ridge axis and trends approximately northeast
[Nishimura et al., 1984]. This could be an indication of
electrical anisotropy beneath the oceanic lithosphere
which is obscured by distortion caused by surface topog-
raphy. Note also that the distortion parameters shown in
Figure 10 are the result of assuming rather than showing
that the distortion is caused by a 3-D surficial structure.
An alternate hypothesis is that the distortion is caused by
a 2-D surface structure. Using the parameterization given
by Smith [1993], the long-period twist and shear yield a
surficial 2-D distortion direction of -83°, while the short-
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period one gives 1.4°, Since there is always a 90° ambi-
guity in strike direction, these two values are similar to
each other and to the strike of the North American coast-
line. Noting that the transition period occurs where the
ocean becomes electrically thin, the long-period decom-
position could be treating the ocean as the source of dis-
tortion, while the short-period decomposition may be
treating the ocean as part of the regional structure. It
must be emphasized that these two interpretations of the
distortion parameters cannot be distinguished without
modeling or tests of consistency using all 10 of the
EMSLAB seafloor sites which are at varying distances
from the coast.

These examples indicate that galvanic distortion of the
magnetic field can be important to periods well in excess
of 1000 s in crystalline environments and hence needs to
be routinely considered when analyzing many types of
long-period MT data. It remains to be seen whether
magnetic galvanic distortion is an issue for most wide-
band MT data or in sedimentary basins where the surface
cover is more uniform and more conductive than in cry-
stalline regions. Furthermore, it is sometimes asserted
that the galvanic distortion problem is due to electric
field aliasing and that use of the electromagnetic array
profiling (EMAP) method [Torres-Verdin and Bostick,
1992], in which the electric field is measured continu-
ously so that spatial filtering methods may be applied, is
the best way to remove its influence. This allows only
for correction of electric field distortion, and the EMAP
method is as susceptible to magnetic field distortion as
conventional MT. Thus, a more detailed investigation of
magnetic field galvanic distortion using real data from a
variety of locales is in order.

Appendix:

) Derivation of the Decomposition
Equations

Including a rotation from the observation coordinate
system to the regional strike direction, the full distortion
tensor decomposition (28) is

Z=RT 8% 0+B-Z2) & (AD)

where B is the diagonal part of the magnetic distortion
tensor (26), and the double prime notation on 22 in (28)
has been dropped. Both the site gain and anisotropy ten-
sor have been subsumed into the regional MT response
tensor; this is equivalent to assuming that the site gain g
is unity and the anisotropy factor s is zero. The rotation

matrix is given by
cos® -sin@

sin® cosO (A2)

where O is a positive clockwise angle which takes the
observation coordinate system to the regional one. The

twist tensor is
1 -t

and the shear tensor is

-2 1]

(A3)

(Ad)
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where ¢ and e are the tangents of the electric field twist
and shear angles, respectively. The regional MT
response tensor is given by

0 a
Each of the tensors in (Al) is expanded using a Pauli
spin matrix basis, and the multiplications are carried out

using the algebra of Pauli spin matrices. Defining four
combinations of the measured responses in

(AS)

Go=2Z, + Z,, (A6)
Ci=2Zy +Z, (A7)
C=2Z - Z, (A8)
Cs=2Zy ~Z, (A9)

and performing a lot of tedious algebra, the complete
electric and magnetic galvanic distortion decomposition
reduces to four simultaneous complex nonlinear equations

(e+t)a—(e —t)b+(e(l—et)—y(l+et))ab

Co= T=veab (A10)
[ = (1-et)a —(1+et)1b—-:,iz(; +t)=yle —t))ab 0526
_(e+t)a+(e —t)bl—_(;(cllb-et)+y(l +et))ab sin20 (A11)
Gy =— (1-et)a+(1 +et)1b_—£;([j +t)+v(e —t))ab (A12)
Cy=— (e+t)a+(e —-t)bl—--(icllb—et)+y(1+et))ab c0s26
_ (1-et)a —(1+et)f_—yiz(5 +t)—vyle —t))ab sin20(A13)

The magnetic transfer function (24) with the same rota-
tion becomes

M? = (M +QT -2y @+B-Z) 1 BT (A149)
where (M°) =(0.c) and Q7=(q, .qy). This yields two
complex nonlinear equations

m, = — 5 (sinB—eb cosO)

1-vea

b
ks 5 (cosO—1ya sinb)

- Toveab (A15)

c .
m, = T=veab (cosO + b sind)

q,b

- (sinf+vyacosd) (Al6)
yea

1- b

where g,a has been subsumed into c.
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