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a b s t r a c t
Can mineral physics and mixing theories explain ﬁeld observations of seismic velocity and electrical
conductivity, and is there an advantage to combining seismological and electromagnetic techniques? These
two questions are at the heart of this paper. Using phenomenologically-derived state equations for individual
minerals coupled with multi-phase, Hashin–Shtrikman extremal-bound theory we derive the likely shear
and compressional velocities and electrical conductivity at three depths, 100 km, 150 km and 200 km,
beneath the central part of the Slave craton and beneath the Kimberley region of the Kaapvaal craton based
on known petrologically-observed mineral abundances and magnesium numbers, combined with estimates
of temperatures and pressures. We demonstrate that there are measurable differences between the physical
properties of the two lithospheres for the upper depths, primarily due to the different ambient temperature,
but that differences in velocity are negligibly small at 200 km. We also show that there is an advantage to
combining seismic and electromagnetic data, given that conductivity is exponentially dependent on
temperature whereas the shear and bulk moduli have only a linear dependence in cratonic lithospheric rocks.
Focussing on a known discontinuity between harzburgite-dominated and lherzolitic mantle in the Slave craton at a
depth of about 160 km, we demonstrate that the amplitude of compressional (P) wave to shear (S) wave conversions
would be very weak, and so explanations for the seismological (receiver function) observations must either appeal
to effects we have not considered, or imply that the laboratory data require further reﬁnement.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
Petrological physical-property measurements in the laboratory connect geophysical observations to subsurface materials and processes. Most
of the measurements are made on single grains of constituent minerals
that form the lithosphere, and from those measurements equations are
derived that best ﬁt the data and show the dependence of various
parameters, such as the bulk and shear moduli and electrical conductivity,
on temperature, pressure, grain size, etc. Once those single grain equations
are known, the next task is to determine the likely physical parameters of
whole rocks using various mixing theories and relationships. Our
approach here is to use extremal-bound theory for those mixing
relationships, rather than the Voigt–Reuss–Hill (Voigt, 1928; Reuss,
1929; Hill, 1952) estimates more routinely applied in seismology.
We choose to be very selective in the type of rocks we wish to
numerically manufacture, and restrict ourselves to dry, cratonic mantle
which can be described in simple mineralogical and physical terms.
⁎ Corresponding author.
E-mail addresses: alan@cp.dias.ie (A.G. Jones), revans@whoi.edu (R.L. Evans),
eatond@ucalgary.ca (D.W. Eaton).
0024-4937/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.lithos.2008.10.014

Although our selection suffers from not having the breadth of Hacker
et al.'s (2003) consideration of the multitude of minerals in a subduction
zone setting, we consider each mineral phase in great detail, and for both
elastic moduli and electrical conductivity.
We construct typical continental lithospheric mantle “rocks” based
on assemblages of four minerals, namely olivine, orthopyroxene,
clinopyroxene and garnet, from known compositions at three depths,
100 km, 150 km and 200 km, below the Lac de Gras region of Slave
craton (northern Canada) and below the Kimberley region of the
Kaapvaal craton (South Africa). We choose these two regions as they
are, by far, the best known geochemically and petrologically in the
world. Furthermore, the two are clearly different in their chemical
compositions (Stachel et al., 2003), and we wish to determine whether
these chemical differences translate into measurable physical differences in velocity and conductivity. In particular, the central Slave
craton displays a strong chemical stratiﬁcation, with a high Mg# layer
comprising 60% harzburgite (Hz) and 40% lherzolite (Lh) (Grifﬁn et al.,
1999; Menzies et al., 2004) to about 160 km (Menzies et al., 2004),
overlying a more fertile, low Mg#, dominantly lherzolitic layer to a
depth of around 200 km (Grifﬁn et al., 1999; Menzies et al., 2004). In
the upper layer 20–40% of the Hz is low-CaO Hz, evidence of the strong
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depletion of this layer. In contrast, the Kimberley region of the
Kaapvaal craton exhibits far more uniform properties without strong
chemical layering, and with “normal” lherzolitic rocks throughout.
Our approach is similar to that of others, particularly Hacker et al.
(2003), with their published Excel spreadsheet for a broader range of
minerals (Hacker and Abers, 2004). We agree with the comment in
Hacker et al. (2005) to Bosquet et al.'s (2005) criticism of their 2003
paper that this approach has the advantage that it is grounded in
reality—known laboratory-determined petrophysical properties of
minerals coupled with known mineral abundances and, in our case,
a conservative mixing law that includes both grain and surface effects.
One important point in our analysis is that we exclude any “exotic”
minor phases. These have less effect on seismic velocities, but some
phases, such as carbon in graphite form or lining grain boundaries,
have a considerable effect on electrical conductivity (e.g., Jones et al.,
2003; Jones and Craven, 2004). Some support for the role of graphite
in enhancing mantle conductivity comes from the depth extent of the
Central Slave Mantle Conductor that appears to be limited to above the
graphite–diamond stability ﬁeld (Jones et al., 2003).
Kopylova et al. (2004) undertook a somewhat similar exercise for
seismic velocities for the northern Slave and the southern Slave, but
not for the central Slave which exhibits the strong petrological
stratiﬁcation. The mixing rule they adopted was a simple weighted
arithmetic average of the velocities for the constituent minerals,
rather than the formal extremal bound rules that we use here.
Similarly, Bagdassarov et al. (2007) constructed electrical conductivity
proﬁles from laboratory determinations of conductivity on minerals
from xenoliths recovered on the Slave craton, but used a simple
logarithmic averaging scheme for their mixing rule.
Having derived the velocities and conductivity at various depths
beneath the Slave and Kaapvaal craton, we construct cross-plots to try
to identify interdependence between the moduli (velocity) and
conductivity. This is the reverse of the approach of Gibiansky and
Torquato (1993, 1996) and Carcione et al. (2007) who deﬁned formal
relationships between moduli and conductivity for two-phase
composites.

We consider separately the effects of varying each of the
controlling conditions—temperature, iron content and other aspects
of the chemical composition/mineralogy—and demonstrate that
temperature has the greatest effect on the bulk physical properties.
Finally, we determine the parameters on either side of the
harzburgite/lherzolite boundary at 160 km beneath the central part
of the Slave craton. We demonstrate that, according to the best
available mineral physics data and the most valid mixing theories, we
should not be able to observe this boundary with teleseismic receiver
functions, whereas one is clearly seen (Snyder et al., 2004). Thus we
conclude that either the mineral physics data require reﬁnement, and/
or that there is an inadequately known scaling from the laboratory
scale to the ﬁeld scale, and/or that the mixing laws are inappropriate.
2. Seismic velocity of mantle minerals
2.1. Estimates of the bulk and shear moduli of mantle minerals
The bulk (K) and shear (G) moduli and density (ρ) of the dominant
mantle minerals olivine (Ol), orthopyroxene (Opx), clinopyroxene (Cpx)
and garnet (Gt) have been measured by many laboratories over more
than three decades, and Table 1 lists recently-reported values. For some
of them the standard temperature and pressure (25 °C and 1 atm.) values
are given, and there are noted variations of the moduli with pressure,
temperature and magnesium number (Mg#, Mg/(Mg+ Fe), usually
multiplied by 100).
The variation of the moduli with pressure and temperature has
also been reported by various laboratories, and example values are
given in Table 1, some of which represent summaries themselves.
There is clearly a wide range of reported values for the moduli, and
their dependence on Mg#, temperature and pressure. For the
purposes of our study, we take the formulae of James et al. (2004)
for olivine, orthopyroxene and garnet, and the formulae of Goes et al
(2000) for clinopyroxene. Goes et al.'s (2000) formulations yield
virtually the same moduli as those in Isaak et al. (2006) for an Mg# of
around 90, but include the pressure dependence for the bulk modulus

Table 1
Values of bulk and shear moduli and density from various authors, with pressure, temperature and Mg# dependence where available
Mineral

KS (GPa)

δK/δP (δK2/δP2)

δK/δT (MPa/K)

G (GPa)

δG/δP

δG/δT (MPa/K)

Ol
Ol
Ol

–
129.0
129.0

–
–
–

− 17.5
− 16
− 19

–
82−30.0f
–

–
–
–

−13.7
−14
–

Ol

128.6
+7.0f
102
111
−10.0f
108.5
102.5
114

4.4
− 2.0f
10.9 (− 1.6)
–

− 18.2
− 0.09f
–
− 12

1.71
−1.23f
1.6
–

−14.0
−0.18f
–
−11

–
–
–

− 26.3
–
− 13

79.1
− 35.8f
74.9
81
− 29f
77.9
74.2
74

–
–
–

−13.6
–
−11

106.5
−5.2f
117.2
105
+13f
116.5
117.6
117

11.0
− 2.56f
–
–

− 26.8

75.0

1.6

−12.0

–
− 13

–
–

–
−10

–
6.4
–

− 12.3
–
− 15

72.2
67
− 6f
72.8
–
67

–
–
–

−9.98
–
−14

4.71
–

–
− 21

Gt

154.5
173
+7f
171

–

Gt

171.2

4.9

Opx
Opx
Opx
Opx
Opx
Opx
Cpx
Cpx
Cpx
Cpx
Cpx
Gt
Gt

4.71
–

–
−10

− 16

89.7
92
− 7f
91

–

−10

− 19.8

93.0

1.56

−10.0

ρ (g/cm3)
3.222
3.222
+1.82f
3.22
+1.32f
3.180
3.198
3.196
3.204
+0.799f

Reference
I93
GGV00
LL06
JBSBC04
FLL98
GGV00
JSB07
PNSB07
LL07
JBSBC04

3.327
3.280

3.277
+0.38f

CB98
GGV00
IOL06
NBTO05
LL07
JSSD04
GGV00

3.565
+0.76f

LL07
JBSBC04

The boldfaced formulae are the ones adopted herein.
I93: Isaak (1993); CB98: Collins and Brown (1998); FLL98: Flesch et al. (1998); GGV00: Goes et al. (2000); IOL06: Isaak et al. (2006); JBSBC04: James et al. (2004); JSSD04: Jiang et al.
(2004); NBTO05: Nestola et al. (2004); PNSB07: LL06: Liu and Li (2006); Perrillat et al. (2007); JSB07: Jackson et al. (2007); f = iron number (XFe) = (Fe/(Fe + Mg)) = 1 − Mg#/100.

A.G. Jones et al. / Lithos 109 (2009) 131–143

derived by Nestola et al. (2004). The formulae we use for deriving the
moduli and density are those in James et al. (2004), viz.,
ðKS ÞP;T = KS + ðAKS =AP ÞΔP + ðAKS =AT ÞΔT;
GP;T = G + ðAG=AP ÞΔP + ðAG=AT ÞΔT
ρ = ρð1−αΔT + ΔP=KT Þ:
The assumptions implicit in our implementation of these formulae
are discussed in James et al. (2004), and are:
• The P–T derivatives are applicable over the whole range of pressures
and temperatures of the lithospheric mantle, in our case from 3.00–
6.3 GPa and 740–1250 °C respectively,
• Magnesium numbers for all four minerals are assumed equal, and,
• The elastic constants have no derivatives with regard to composition.

We convert the shear and bulk moduli to seismic compressional
(Vp), shear (Vs) and bulk (Vb) velocities using the standard formulae
sﬃﬃﬃﬃ
G
Vs =
;
ρ

sﬃﬃﬃﬃﬃﬃﬃ
KS
;
and Vb =
ρ

where ρ is the bulk density of the composite, given by
N

ρ = ∑ xi ρi ;
i=1

and where xi is the volume fraction of the ith phase of the N-phase
medium. From these velocities and density we calculate P- and S-wave
impedances given by the product of velocity and density, i.e., in terms
of the moduli,
Zp =

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


4
ρ G + KS ;
3

and

Zs =

pﬃﬃﬃﬃﬃﬃﬃﬃ
ρG:

From these impedances at an interface between two media one can
deﬁne a reﬂection coefﬁcient, R, given by the impedances in each of
the media
R=

below). Kopylova et al. (2004) noted a decreasing Vp but increasing Vs
with increasing Mg# of spinel and garnet peridotites. As the Slave
lithospheric mantle is dominated by olivine (typically 80% or greater),
these results based on direct measurements from xenoliths are
difﬁcult to reconcile with laboratory data for olivine.
Magnesium number variation with depth for the Slave craton are
taken from Kopylova and Caro (2004, Fig. 13, Central Slave), and for the
Kaapvaal craton from O'Reilly and Grifﬁn (2006).
3. Electrical conductivity of mantle minerals
3.1. Brief review of temperature dependence of the conductivity of mantle
minerals
Given its solid-state Arrhenius relationship, electrical conductivity
of mantle minerals can be expressed as a summation of N thermally
activated processes, viz.

2.2. Conversion to velocities

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4

3 G + KS
;
Vp =
ρ
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ZL −ZU
;
ZL + ZU

where Z is the impedance in the upper (U) and lower (L) medium
respectively.
2.3. Magnesium number variation
The iron content of the constituent minerals has a signiﬁcant effect
on the bulk and shear moduli, as one would expect intuitively. In the
four minerals being considered, there is an Fe/Mg exchange, so that
the ratio is given by the magnesium number (Mg#, see above). Some
authors, (e.g., James et al., 2004), specify their results in terms of the Fe
number, which is (1 − Mg#/100). Note that for bulk modulus, olivine
and orthopyroxene behave differently with Mg#: olivine becomes less
compressible with increasing iron content, whereas Opx becomes
more compressible. However, the effects are small; for olivine the
range is from 129.74 to 129.39 for Mg# from 88 to 93, whereas for Opx
it is 105.88 to 106.14 respectively. For shear modulus, only olivine is
reported to exhibit an Mg# sensitivity. It is large and positive varying
from 74.80 to 76.59 for an Mg# range from 88 to 93. When converted
into velocities however, these two variations are both overwhelmed
by the density increase with increasing Fe content (decreasing Mg#),
from 3.31 g/cm3 to 3.38 g/cm3 for Mg# varying from 93 to 88.
Chen et al. (1996) noted a strong Vp velocity increase with
increasing Mg# for olivine, consistent with the results of James et al.
(2004), when taking the density variation with Mg# into account (see

N

σ = ∑ σ i e−Ei =kT ;
i=1

where σ is the bulk conductivity, in Siemens/metre (S/m), k is
Boltzmann's constant, σi is the zero temperature conductivity of
phase i, Ei is the activation energy of phase i, T is the temperature in
Kelvin, and subscript i refers to each of the processes. The majority of
the minerals only have one derived activation energy reported, which
is constant over the particular temperature range measured. Olivine
differs in exhibiting more than one value over the temperature range
of 720–1500 °C (Constable et al., 1992). The pre-exponential constant
is usually given as a power of 10, i.e., σ0 = 10x. In Table 2 we list the
parameters best ﬁtting experimental observations.
Olivine is the most-studied of mantle minerals. There was very
poor agreement in the 1960s and early 1970s between different
laboratories until there was appreciation of the need to do the
laboratory experiments at appropriate oxygen fugacity (fO2) conditions (Duba and Nicholls, 1973, highlighted in the excellent review
paper by Duba, 1976). The effects of redox state, iron content, and
electronic conduction at reducing conditions, all reviewed below, are
also becoming better understood. Even so, there still is relatively weak
agreement between various laboratories (see Table 3).
3.2. Oxygen fugacity dependence
Constable (2006), following the work of Constable and Roberts
(1997), recently proposed a temperature–conductivity relationship for
olivine that includes consideration of the redox state of the upper
mantle under investigation. In his work, conductivity is given by the
summation of two conduction mechanisms, one resulting from polarons
(conducting electrons in an ionic crystal lattice) and the other from
magnesium vacancies. The change in dominance of conduction
mechanism between the two occurs at a temperature around 1300 °C
(Schock et al., 1989), which is approximately the temperature at the base
of the lithosphere. Conductivity can be thus described as
h
i


•
μ Fe e + 2 VW
σ = FeMg
Mg μ Mg e;
where the mobilities are given by,
μ Fe = 12:2×10−6 e−1:05ðeVÞ=kT ;
μ Mg = 2:72×10−6 e−1:09ðeVÞ=kT ;
and the concentrations by,
h

i
1=6
•
= bFe ðT Þ + 3:33×1024 e−0:02ðeVÞ=kT fO2 ;
FeMg


1=6
30 −1:83ðeVÞ=kT
VW
fO2 ;
Mg = bMg ðT Þ + 6:21×10 e
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Table 2
Parameters for variation of electrical conductivity with temperature applicable to Mg#s in the range of 85–93
Mineral

x1

E1

x2

E2

Ol (Fo = 91.7)
Ol
Ol (Fo = 91.7)
Ol (Fo = 89.1)
Ol
Ol
Ol Fo = 100
Ol Fo = 90
Ol Fo = 80
Opx
Cpx
Gt
Py100
Py100
Py85Alm15
Gt

2.402
2.69
2.50
−1.185 (+fO2 term)
(6.54 − log(T)) ⁎ f1.81

1.60
1.62
1.5 (+PΔV term)
0.531
1.35

9.17
–

4.25
–

2.77
1.54
7.76
3.72
3.25
3.35
2.67⁎
4.26c
2.42
4.26 − 12.26f

0.984
0.777
0.683
1.80
1.87
1.66
2.56⁎
2.40c
1.50
2.40 −6.0f

–
–
–
–
–
–
–
–
–

(eV)

(eV)

Temperature range °C

Reference

720–1500
1200–1500

CSD92
XPSR98
XSD00
DRTT05
HSD93
C06
HWC81
HWC81
HWC81
XS99
XSP00
XSP00
RPKM06
this paper
RPKM06
This paper

1100–1300
1150–1300
–
–
–
–
–
–
–
–
–

522–970
593–939
527–939
1000–1400
1000–1400
1300–1700
1050–1550

The boldfaced formulae are the ones adopted herein.
C06: Constable (2006); CSD92: Constable et al. (1992); DRTT05: Du Frane et al. (2005); HSD93: Hirsch et al. (1993); HWC81: Hinze et al. (1981); RPKM06: Romano et al. (2006);
XPSR98: Xu et al. (1998); XSD00: Xu et al. (2000a,b); XS99: Xu and Shankland (1999); XSP00: Xu et al. (2000b).
⁎: These values from Romano et al. (2006) do not ﬁt the data shown in their Fig. 2. c: Corrected values ﬁtting data shown in Romano et al. (2006, Fig. 2).
f = iron number (XFe) = (Fe/(Fe + Mg)) = 1 − Mg#/100.

where e is electron charge, T is temperature (in Kelvin), and k is
Boltzman's constant. The unknowns in this equation are the two
defect concentration terms, bFe and bMg, the temperature, and the
oxygen fugacity. The former were estimated by Constable (2006) from
the 3 data points in Du Frane et al. (2005), as
bFe = 5:06×1024 e−0:357ðeVÞ=kT ;
bMg = 4:58×1026 e−0:752ðeVÞ=kT :
Temperature can be estimated from either geothermal models or
from petrological analyses of mantle xenoliths. This is discussed
further below.
Oxygen fugacity can also be estimated from petrological analyses
of mantle xenoliths. Note that the conductivity–temperature curves
derived by Constable (2006) assume a single mantle oxygen fugacity,
either QFM (quartz–fayalite–magnetite) oxygen buffered or IW (iron–
wüstite) buffered. Constable (pers. comm., 2007) used the following
for estimates of QFM and IW oxygen fugacity:
Q FM logð f O2 PaÞ = −29; 458=T + 16:9815;
IW logð f O2 PaÞ = −27; 217=T + 11:5733;
where T is the temperature in Kelvin. These values differ from the
widely used ones of Myers and Eugster (1983), which are
Q FM logð f O2 atmÞ = −24; 441:9=T + 8:290;
IW logð f O2 atmÞ = −26; 834:7=T + 6:471:
Converting to pressure in Pa using the standard value of
1 atm = 101.325 kPa, yields, for the QFM buffer,

for their data (they considered anisotropy) derived at temperatures of
1100, 1200 and 1300 °C, ﬁt the equation
h
i
2=11
σ = 2:51fO2 + 0:0653 e−0:531ðeVÞ=kT

ðS=mÞ;

and their equation is tabulated for pertinent temperatures and oxygen
fugacities in Table 3. Note that their results suggest far higher electrical
conductivity for the upper mantle lithosphere than proposed by the
SO2 (Constable et al., 1992) and SEO3 (Constable, 2006) models.
However, in the temperature range of their data, the agreement with
all other models is better than 0.5 log units (Table 3).
McCammon and Kopylova (2004) noted the added complication
that oxygen fugacity decreases with increasing depth, from approx. −2
Δlog(fO2) at 100 km to −4 Δlog(fO2) at 200 km, relative to QFM buffer,
in the Slave lithospheric mantle, and these values are also appropriate
for the Kaapvaal cratonic mantle (Woodland and Koch, 2003).
However, this variation of fO2 with depth is barely signiﬁcant in
terms of the electrical conductivity of the cratonic lithosphere: a
constant fO2 of say −2 Δlog(fO2) cf. QFM would result in a log
(conductivity) of −3.05 at a temperature of 1250 °C (temperature at
200 km beneath the Kaapvaal craton), whereas an fO2 of −4 Δlog(fO2),
which is in fact more reducing than the IW buffer, results in a log
(conductivity) of −3.15. Indeed, ignoring fO2 completely and using
model SO2 of Constable et al. (1992), Table 2, yields a log(conductivity)
of −2.88.
3.3. Magnesium number variation
Decreasing Mg# by replacing magnesium by iron results in
increased electrical conductivity in all minerals, especially olivine

Q FM logð f O2 PaÞ = −24; 441:9=T + 13:296:
Constable's formulation results in more reduced pressures at low
temperatures (below 1100 °C), and more oxidizing pressures at high
temperatures. Log(fO2) for QFM buffer at 645 °C from Constable's
formula is −15.11, whereas for Myers and Eugster's it is −13.33. At
1250 °C the two yield −2.36 and −2.75 respectively. Herein we adopt
the formulation of Myers and Eugster (1983), given above, as that is
the more commonly accepted one.
Du Frane et al. (2005) also considered a description of conductivity
of olivine that took into account the redox state of the mantle, but in
their case they included the contribution from electronic conduction
at reducing conditions (Stockler, 1978). Their geometrical mean result

Table 3
Logarithm (electrical conductivity) of olivine from different models at relevant
temperatures, Mg#s, and oxygen fugacities of interest (see Table 6)
Temperature
(°C)

Log (fO2)
(Pa)

Mg#

SO2
(CSD92)

Xu
(XPSR98)

Hirsch
(HSD93)
(Mg#)

SEO3
(C06)
(fO2)

DuFrane
(DRTT05)
(fO2)

645
740
875
1010
1125
1250

−13.3
−10.8
−8.00
−5.75
−4.19
−2.75

93.5
92.3
92.0
91.0
90.2
89.0

−6.38
−5.56
−4.62
−3.88
−3.37
−2.89

−6.20
−5.37
−4.42
−3.67
−3.15
−2.67

− 5.98
− 5.20
− 4.43
− 3.76
− 3.30
− 2.85

−6.66
−5.89
−4.99
−4.26
−3.74
−3.25

−4.10
−3.83
−3.51
−3.26
−3.09
−2.93
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(e.g., Schock et al., 1989; Vacher and Verhoeven, 2007). This wellknown effect, where iron chemically substitutes for magnesium in the
dodecahedral site while maintaining a ﬁxed lattice symmetry, has
been studied in olivine and pyroxene since the early 1980s (Hinze
et al., 1981; Seifert et al., 1982), and most recently in garnet by Romano
et al. (2006). At temperature and fO2 conditions of the cratonic
lithospheric mantle, even minor amounts of Fe, e.g., comparing pure
fosterite with Fo99.99, have been shown to affect material properties
(Hirsch and Shankland, 1993). However, the number of lab studies is
few. For our purposes the results of Hinze et al. (1981), Hirsch et al.
(1993) and Romano et al. (2006) are the most pertinent. Olivine ranges
from forsterite (Mg# of 100) to fayalite (Mg# of 0), and garnet ranges
from pyrope (Mg# of 100) to almandine (Mg# of 0). For our purposes
we consider Mg#s in the range of 88 to 93, which are those observed
in the mantle lithospheres of the Slave and Kaapvaal cratons.
Most of the work on olivine by U.S. laboratories has been
conducted on single crystals of San Carlos olivine, which has an
Mg# of around 91.7, i.e., in the middle of the range of interest. Hinze
et al. (1981) studied synthetic olivine from fayalite to forsterite
composition. Listed in Table 2 are the conductivity values of Hinze
et al. (1981) for Mg#s of 100, 90 and 80 for an Fe-buffered system,
which is closer to the oxygen fugacity (fO2) of Archean lithospheric
mantle (Ballhaus, 1993; McCammon and Kopylova, 2004).
Hirsch et al. (1993) conducted similar experiments with grown
crystals of Mg# 66.5, 81.65 and 88.9, and with San Carlos olivine (their
sample had an Mg# of 91.35). Their observations were ﬁt by the
equation
!
106:54 1:81 −1:35ðeVÞ=kT
XFe e
;
σ=
T
where XFe is the iron number.
This formulation suggests a conductivity contrast of 0.16 log units
at the transition from the depleted harzburgitic region (Mg# = 92.0) to
the less-depleted, more iron rich, lherzolitic region (Mg# = 90.2) in the
mid-lithosphere beneath the central part of the Slave craton (see
below). This change is far greater than any change that might be due to
oxygen fugacity or to compositional variation.
Important to note in Hirsch et al.'s (1993) work is their observation
that their heterogeneous samples showed an even greater Fedependence: the exponent on the XFe component was 1.85 rather
than 1.81 for their homogeneous samples.
For garnet there is also a strong dependence on magnesium
number. Romano et al. (2006) studied garnet over the full compositional range from pyrope (100% Mg) to almandine (100% iron). Below
we list the parameters for Mg# of 60, 85 and 100, given by Romano
et al. (2006). We take the experimental values for Py85Alm15 for our
lherzolitic garnet calculations, and linearly interpolate between Py100
and Py85Alm15 to estimate the parameters for an ultra-depleted
harzburgitic garnet with an Mg# of 92 (x1 = 2.54 and A1 = 1.99).
Romano et al.'s (2006) data for the two pyrope-almandine garnets
Py100 (H1741, Mg# of 100) and Py85Alm15 (H1836, Mg# of 85) at
10 GPa are the most pertinent of their studies. Romano et al. (2006)
give the pre-exponent constant (σ0) and activation energy values
listed in Table 2 for these garnets, of (466 Ω m, 2.56) and (262 Ω m,
1.50) respectively. However, the values listed in Table 2 for the Py100
sample do not ﬁt their data shown in their Figs. 2 or 3. Reading their
values off Fig. 2 and performing a regression shows that the data are ﬁt
with a σ0 and activation energy of (18,280 Ω m, 2.40) respectively. For
the purposes of this paper, we adopt an XFe dependent Gt conductivity
as highlighted in Table 2.
Laboratory studies of the variation of iron content on pyroxenes are
lacking. There is not a single study of clinopyroxene, and only one
study, which dates from quarter of a century ago, on orthopyroxene
(Seifert et al., 1982). The results of Seifert et al. (1982, reviewed in
Vacher and Verhoeven, 2007) are intriguing, to say the least, as their
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data ﬁt a formulation with a negative exponent of −1.28 on XFe, i.e., a
decreasing conductivity with increasing iron content. In the absence of
data for clinopyroxene, Vacher and Verhoeven (2007) adopt the same
negative exponent for it as for orthopyroxene. In our case, given the
absence of data, we choose the more conservative approach of
assuming that the exponent is zero, i.e., that there is no variation of
conductivity with iron content for the pyroxenes.
3.4. Pressure effects
Pressure effects on the conductivity of mantle minerals have been
studied by a number of authors, and are generally thought to be
negligibly small when compared to temperature effects (e.g., Shankland et al., 1993; Xu et al., 2000a; Nover, 2005). Recently though,
Katsura et al. (2007) studied enstatite (Opx), with a composition of
(Mg0.93Fe0.07)SiO3, at lower-mantle pressures and their samples
exhibited strong pressure dependence of over an order-of-magnitude
increase in conductivity with pressure increase from 25 GPa to 35 GPa.
Romano et al. (2006) also reported a strong pressure dependence on
Gt with pressure increasing from 10 GPa to 19 GPa. These high
pressures are not appropriate for our study of lithospheric minerals,
and we assume that pressure dependence is negligible.
3.5. Effect of hydrous minerals
Karato (1990) suggested that hydrogen diffusion could be a
signiﬁcant contributor to electrical conductivity of normally anhydrous mantle minerals like olivine, and that indeed geophysical
remote sensing methods could be used to determine the hydrogen
distribution (Gaillard et al., 2003; Karato, 2006). Laboratory measurements testing this model though are not conclusive. Poe et al. (2005)
essentially conﬁrms Karato's (1990) suggestion, but require concentrations of several hundred ppm in olivine. Wang et al. (2006) show
data that argue for a modiﬁed form of Karato's (1990) original model
to explain enhanced conduction in wet samples. Yoshino et al. (2006)
see lower (but still enhanced relative to dry compositions) conductivities than Wang et al. (2006) at given water content. They do not see
any evidence for enhanced conductivity along the a-axis, something
that Karato's model of hydrogen enhanced conductivity predicts
based on observations that the diffusion of hydrogen in olivine is
signiﬁcantly faster in this direction (Kohlstedt and Mackwell, 1998).
Hirth et al. (2000) showed that long period, single station data in
the Archean Superior Province are consistent with a dry lithospheric
mantle between about 150 km and 250 km depth. However, the
presence of water cannot be ruled out if the mantle is isotropic. Hirth
et al. (2000) favoured a dry composition as observed seismic
anisotropy suggests a-axis alignment of olivine which, in turn,
would predict anisotropic electrical conductivity, something that
was not apparent beneath the study area in the Superior Province.
Other areas of the Superior Province have been known for over a
decade to exhibit high degrees of electrical anisotropy (Mareschal
et al., 1995; Ferguson et al., 2005; Frederiksen et al., 2006), although in
at least one of these instances the anisotropy was inferred to be due to
a graphite distribution resulting from internal deformation within the
cratonic lithosphere.
Beran and Libowitzky (2006) and Grant et al. (2007) note that the
water content stored in olivine and mantle garnet is very low compared
to that in pyroxenes, and Wang et al. (2006) infer that the water content
in the continental lithospheric upper mantle is b10− 3 wt.%. The values in
Grant et al. (2007) are surprising, in that the water content appears to be
relatively independent of the age of the lithosphere studied. Clinopyroxene exhibits the highest contents, around 400 ppm, followed by
orthopyroxene at around 200 ppm. Olivine is below 55 ppm, and
generally in the low tens of ppm, whereas there is virtually no water in
garnet. In addition, if Karato's model is correct, then the water content is
only important for conductivity if the diffusivity of hydrogen is fast in the
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mineral of interest. There is not a lot of reported data on pyroxenes, but
what there is, reviewed in Ingrin and Blanchard (2006), suggests that the
addition of water to Opx would not enhance conductivity. Mierdel et al.
(2007) show that aluminous Opx can hold large quantities of water
under lithospheric mantle conditions, yet the diffusivity data would not
suggest that such a mineral would be electrically conductive.
Given that the regions we are studying are depleted (no hydrous
minerals), are virtually Cpx free, that olivine and Opx dominate and
the maximum water content in olivine is well below 50 ppm and there
is slow diffusivity in Opx, the effect of hydrogen diffusion can thus be
neglected.
3.6. Effect of anisotropy
The conductivity of dry olivine shows at most a factor of ~2–3
anisotropy, with the a- and b-axes having almost identical conductivities, and the c-axis having the higher conductivity values (Constable
et al., 1992; Xu et al., 2000b; Du Frane et al., 2005). Thus, for mantle
rocks with a strong alignment of olivine a-axis, the conductivity under
dry conditions is not expected to show signiﬁcant anisotropy.
However, as discussed in the previous section, it has been argued
that the presence of water in olivine should enhance bulk mantle
conductivity, particularly under anisotropic conditions (Karato, 1990).
Other mantle phases are not expected to contribute to electrical
anisotropy, even under hydrous conditions.
The amounts of electrical anisotropy possible due to hydrogen
have been estimated to be only a factor of 3–4 (Simpson, 2002;
Simpson and Tomassi, 2005), based on calculations including reasonable estimates of shear strain and allowing for the mixing effects of the
conductivities in other crystallographic directions. Evans et al. (2005)
saw a factor of ~ 4 in anisotropy of the upper mantle in the oceanic
lithospheric mantle east of the East Paciﬁc Rise, and this is roughly
consistent with the anisotropy predicted by Simpson (2002) for about
50% alignment of olivine a-axis. However, the amount of water
expected to be present in continental lithospheric mantle is much less
than in oceanic lithosphere, and so Simpson and Tomassi (2005) argue
that evidence of electrical anisotropy in the continents suggests that
other mechanisms, perhaps at grain boundaries, are important
contributors to bulk conductivity.
As mentioned above, laboratory measurements on the impact of
water on conductivity, and particularly whether hydrogen diffusion
can cause signiﬁcant electrical anisotropy, remain controversial.
3.7. Effect of grain size
Recently, ten Grotenhuis et al. (2004) observed an increasing
conductivity with decreasing grain size in ﬁne grained fosterite
(Mg# = 100), suggesting that surface conduction may be an important
contribution to the total conductivity of a rock. They proposed a model
in which the bulk conductivity σ is given by the summation of the
grain boundary conductivity σgb and the grain interior conductivity
σgi, given as a function of the grain boundary width δ divided by the
grain size d, viz.,
"
σ = σ gi + σ gb


 #
3δ 2=3
:
1− 1−
d

With typical values of δ of 1 nm (Farver et al., 1994), grainboundary conduction dominates for grains smaller than about 1 mm,
and grain-interior conduction dominates for larger grains. Others have
proposed that the appropriate circuit is a series one, not a parallel one,
so that it is the reciprocals that must be summed (e.g., Yi et al., 2005).
This observation remains controversial, however, as other workers
have measured conductivities on single crystals and samples with a
range of grain sizes and have not seen any systematic variation in
conductivity with grain size (Roberts and Tyburczy, 1991; Xu et al.,

2000b; Wang et al., 2006). The grain sizes used by ten Grotenhuis et al.
(2004) are very small (a few microns) and, while possibly applicable to
shear zones and areas of high deformation, are not applicable to cratonic
lithospheric mantle in general where xenoliths commonly reveal coarse
textures with grain sizes on the order of 1 cm (e.g., Finnerty and Boyd,
1987). In addition, Yi et al. (2005) analysed grain interior and grain
boundary conduction in pyroxenes, and found that grain-boundary
conduction is important at high frequencies, above 100 Hz.
In our case, we consider the grains in the cratonic lithosphere to be
typically 1 cm in size, and the frequencies penetrating below 40+ km
are of the order of 0.1 Hz and lower, thus generally we can ignore the
effect due to conduction by grain boundaries. We do, however,
incorporate consideration of such an effect in our extremal bound
derivations below.
3.8. Controls on electrical conductivity: Summary
Given the various factors that can affect electrical conductivity of
lithospheric mantle minerals, as we show below the strongest is
temperature, followed by iron content. Variation in Mg#, even by a
small amount, is signiﬁcantly more important than consideration of
oxygen fugacity. Conductivity is expressed directly as a function of XFe
to the power 1.81 or greater (Hirsch et al., 1993), whereas it goes as a
function of fO2 to the power 1/6th (Constable, 2006) or 2/11th (Du
Frane et al., 2005). At a temperature of 1000 °C, changing from an Mg#
of 93.5 to 89 increases conductivity by a factor of over 2.5 (log(σ) from
−4.06 to −3.64 using Hirsch et al., 1993), whereas decreasing fO2 by 2
log units from −2 to −4 (c.f. QFM buffer), decreases conductivity by a
factor of only 3% (log(σ) from −4.305 to −4.317, using Constable, 2006).
However, an increase in conductivity by a factor of 2.5 can be
accomplished by increasing temperature by less than 100 °C (from
1000 °C to 1090 °C).
Olivine and garnet have been studied, and we have formulations
for them. Unfortunately, laboratory measurements on the variation of
conductivity with iron content for pyroxenes are lacking, and the only
study conducted (Seifert et al., 1982; reviewed in Vacher and
Verhoeven, 2007) yields a suspicious result of decreasing conductivity
with increasing iron content. Vacher and Verhoeven (2007) extend
this result for orthopyroxene to both clinopyroxene and, oddly, to
garnet. Observations by Romano et al. (2006) demonstrate that
certainly the latter is an incorrect assumption. In the absence of
conclusive data, we assume that varying iron content over the small
range of Mg# of 93.5 to 89 has a negligible effect on the conductivity of
pyroxenes.
The four equations we use for conductivity, as a function of
temperature (T) and iron content (XFe), are thus
!
106:54 1:81 −1:35ðeVÞ=kT
XFe e
;
σ Ol =
T
σ Opx = 103:72 e−1:80ðeVÞ=kT ;
σ Cpx = 103:25 e−1:87ðeVÞ=kT ; and;
σ Gt = 10ð4:26−12:26XFe Þ e−ð2:40−6:0XFe ÞðeVÞ=kT :
4. Cratonic geotherms
In order to derive the moduli and electrical conductivity, we
require knowledge of temperature beneath the regions of interest.
Using published cratonic geotherms, we assign temperatures of 740,
1010, and 1250 °C and 645, 875, and 1125 °C at depths of 100 km,
150 km and 200 km for the Kaapvaal and central Slave (Lac de Gras
region) cratons respectively, based on the thermal arguments of Jones
(1988) and Mareschal et al. (2004). The difference between the two is
not surprising since the Kaapvaal craton is known to have higher heat
ﬂow across the Moho than other Archean cratons (e.g., Jaupart and
Mareschal, 1999).
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We note that the geotherm of Mareschal et al. (2004), based on
heat ﬂow and thermal modelling, is some 50–100 °C cooler than the
petrologically-deﬁned geotherm predicted on the basis of xenoliths
from a kimberlite pipe (Jericho) in the northern Slave craton (Russell
and Kopylova, 1999). The same is true of the Kaapvaal craton, with
petrologically–geochemically deﬁned estimates (e.g., Kronrod and
Kuslov, 2007) of 815, 1000, and 1225 °C being generally higher than
those deﬁned from thermal arguments by Jones (1988). One must be
careful of avoiding a circular argument; we should not take a
geotherm deﬁned on the basis of seismology and petrology (e.g.,
Kronrod and Kuslov, 2007) in order to obtain a temperature from
which we ultimately derive a velocity! We wish to ensure independence, so adopt the temperatures given by modelling of heat ﬂow
data.
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depths of 3.331, 3.342 and 3.352 g/cm3. They convert to Mg#s of 93.2,
89.4 and 87.9 for the Kaapvaal craton, and 95.4, 88.6, and 82.6 for the
Slave craton using James et al.'s (2004) formula, which are
inconsistent with those observed; 92.3, 91.0 and 89.0 (O'Reilly and
Grifﬁn, 2006) for the Kaapvaal craton, and 93.5, 92.0 and 90.2 (O'Reilly
and Grifﬁn, 2006) for the central Slave craton.
The averaged density stratiﬁcation for the Kaapvaal craton is thus
2.7 g/cm3 to 40 km, 3.30 g/cm3 to 100 km, 3.335 g/cm3 to 150 km, and
3.37 g/cm3 to 200 km, and for the Slave craton is 2.7, 3.280, 3.325 and
3.39 g/cm3, which yields almost the same lithostatic pressures at all
three depths beneath both cratons, despite their different density–
depth proﬁles.
6. Physical parameters of mantle assemblages using mixing and
effective medium theories

5. Density estimates of mantle minerals
6.1. Voigt–Reuss–Hill and geometric mean formulations
In order to calculate physical properties in the mantle we need to
know the density of mantle minerals, and the variation of density with
depth. Density estimates are given in Lee (2003), as listed in Table 4,
together with those used by Goes et al. (2000) for the whole of the
lithosphere. (Note that there is an error in column labelling in Table 1a
of Lee (2003); for the spinel peridotites the columns are OPX, CPX, OL
and SPI, not OPX, CPX, GT and OL, which are correct for the garnet
peridotites.).
The results of Lee (2003) are surprising, as one would expect the
higher pressure mineral phases, as expressed in garnet peridotite, to
exhibit higher densities than the lower pressure phases in spinel
peridotite. Density increase with depth is exhibited in the data of Kelly
et al. (2003), from a suite of xenoliths from the Kaapvaal craton
discussed in Boyd et al. (1999), going from low-T spinel (b100 km) to
low-T garnet (100–180 km) to high-T garnet (N180 km) peridotites.
The formulae of James et al. (2004), which are very close to those of Li
and Liebermann (2007), are also questionable as they are not pressure
dependent. However, Mg# generally decreases with depth, which will
result in density increase through increased iron content. The
dominant constituent of lithospheric rocks is olivine, and using Li
and Liebermann's (2007) formula of ρ = 3.222 + 1.182 XFe its density
increases from 3.305 g/cm3 to 3.364 g/cm3 for Mg# decrease from 93
to 88, which approaches the density increase observed (see below). In
view of these considerations we take Li and Liebermann's (2007)
formulae for calculating the individual densities of the minerals.
However, as our main use of density is to convert from bulk and
shear moduli to seismic velocity, and to calculate the pressure at given
depths, for the Kaapvaal craton we adopt the (visual) average density
of the data shown in Fig. 2 of Kelly et al. (2003) of 3.31 g/cm3 at
100 km, 3.36 g/cm3 at 150 km, and 3.38 g/cm3 at 200 km (calculated
using the observed mode and mineral compositions). These values are
somewhat higher than the averaged values of Kuskov et al. (2006) of
3.279, 3.327 and 3.361 g/cm3 at those same depths. For the central
Slave craton we use values of 3.28 g/cm3 (Kopylova et al., 2004), 3.37 g/
cm3 (O’Reilly and Grifﬁn, 2006) and 3.45 g/cm3 (O’Reilly and Grifﬁn,
2006) respectively. These values are less than the average Archean
density values given in Poudjom Djomani et al. (2001, Fig. 6) at those

The bulk (K) and shear (G) moduli of a composite medium has
commonly been derived using the well-known Voigt (1928) or Reuss
(1929) estimates. The Voigt estimate assumes equal strain in both
phases of a two-phase system, and the Reuss estimate assumes equal
stress. Essentially, the Voigt estimate assumes that the inclusions are
rigid, whereas the Reuss estimate assumes that the inclusions are
voids (e.g., Li and Wang, 2005). These two estimates lead to bounds
that lie relatively far apart, leading researchers to propose other
estimates. The most common in use is the arithmetic average of the
Voigt and Reuss estimates, the so-called Voigt–Reuss–Hill (1952)
estimate, VRH. Recently, Ji et al. (2004) suggested, based on empirical
observations, that the geometric mean of the Voigt and Reuss
estimates provides a superior estimate, called herein the Voigt–
Reuss–Ji (VRJ) estimate.
6.2. Hashin–Shtrikman extremal bounds
Bounds that give the most extreme values that can be possibly
obtained offer the advantage that they yield the most conservative yet
physically-realizable range possible for the particular physical parameter under consideration, without assuming perfectly compressible
or perfectly incompressible inclusions. The extremal bounds of mixing
two phases were ﬁrst developed by Maxwell-Garnet (1904) for
treating mixtures of two coloured glasses. In a series of papers in the
early 1960s Hashin and Shtrikman (1962a,b, 1963) developed the
same concepts for extremal bounds as Maxwell-Garnet (1904) for
mixing two phases. Hashin–Shtrikman (HS) bounds have found
application in many ﬁelds of science. For electrical conductivity, the
lower bound is given by assuming non-interconnected conductive
inclusions in a resistive matrix, whereas the upper bound is given by
assuming non-interconnected resistive inclusions in a conductive
matrix. Similarly, in seismology the bounds are exact results of
composite sphere assemblages (Hashin, 1970; Watt et al., 1976).
Berryman (1995) extended these bounds for multiphase materials,
focussing particularly on electrical conductivity (σ) and the bulk (k)
and shear (G) moduli. His formulae are:

σ −HS =

Table 4
Density values of mantle minerals
Rock type
Spinel peridotite
Garnet peridotite
Average
Average
Average

Ol
3.349
3.332
3.222
3.22 + 1.32f
3.222 +1.182f

Opx
3.294
3.267
3.198
3.21 + 0.80f
3.204 + 0.799f

Cpx
3.318
3.300
3.280
3.280
3.277 + .38f

Gt
–
3.713
3.565
3.710
3.565 + 0.76f

Reference
L03
L03
GGV00
JBSBC04
LL07

L03: Lee (2003); GGV00: Goes et al. (2000); JBSBC04: James et al. (2004); LL07: Li and
Liebermann (2007); f = XFe = (Fe/(Fe +Mg )) = 1 − Mg#/100.

N

∑
0i = 1

B N
−
KHS
=@ ∑

xi
σ i + 2σ min

−1
−2σ min ;
1−1

xi
4
C
A − Kmin ;
4
3
Ki + Kmin
3
 N
−1
xi
G−HS = ∑
−Gmin ;
i = 1 Gi + Gmin

and

i=1

where superscript “−” denotes the lower bound and xi denotes the
volume fraction of the ith component. The upper bounds are given by
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Table 5
Modal mineralogies for the Kaapvaal and Slave cratons
Craton

Ol

Opx

Cpx

Gt

Mg#

Reference

Kaapvaal average
Kaapvaal average
Slave average
Slave Hz region (to 160 km)
Slave Lh region
Northern Slave upp.lith.
Northern Slave low.lith.

65
65.5
79
75
73
72
69

24
26.9
13
23
20
26
19

4
6.1
2
0
3
7
1.5

7
1.3
6
2
4
7
0

92.3
92.0
91.9
93.5
90.2
92.9
91.8

G99
KKA06
G99
G07
G07
KR00
KR00

G99: Grifﬁn et al. (1999); KR00: Kopylova and Russell (2000); KKA06: Kuskov et al.
(2006); G07: Grütter (pers. comm., 2007).

the same formulae, substituting the maximum values, σmax, Kmax and
Gmax, for the minimum ones. The Hashin–Shtrikman bounds for
moduli were compared to the Voigt–Reuss–Hill bounds by Watt et al.
(1976), and the superiority of the former over the latter is unequivocally established. In particular, even for single crystal composites
the VRH average for many materials lie outside the HS bounds, thus
are unreliable (Watt et al., 1976).
Despite Watt et al.'s (1976) remarks, there are few studies that
utilize multi-phase Hashin–Shtrikman bounds in seismology for
deriving the moduli of composite materials. Notable exceptions are
the papers by Vacher et al. (1996), Cammarano et al. (2003), Hacker
et al. (2003), and Schutt and Lesher (2005). Recently Li and Wang
(2005) proposed tighter bounds for two-phase composites than those
from Hashin–Shtrikman theory; however, we prefer a more conservative approach in this analysis. Rigorous bounds for the bulk and
shear moduli have been developed for two-phase mixtures in three
dimensions by Gibiansky and Milton (1993) and Milton and Berryman
(1997), and those authors show that the rigorous bounds reduce
precisely to the Hashin–Shtrikman ones when all the constituent
moduli are real. Whether the bounds above hold rigorously in the
multi-phase case is yet to be demonstrated.
Two-phase Hashin–Shtrikman bounds have been applied routinely
in electrical conductivity studies. Multi-phase HS studies have been
conducted by Park and Ducea (2003) and Ledo and Jones (2005); the
latter used the conductivity mixing formula for 3-phase assemblages
of olivine, Opx and Cpx for a region in northern British Columbia/
southern Yukon, Canada, to determine the maximum permitted
temperature of the lithospheric mantle region where a seismic
velocity anomaly was ascribed to elevated temperatures. Ledo and
Jones (2005) demonstrated that such a temperature anomaly was not
permissible according to the conductivity data.
Tighter bounds than the Hashin–Shtrikman ones can be derived if
one assumes a different inclusion shape, such as needles, thin disks or
penny-shaped cracks rather than spheres (e.g., Watt et al., 1976;
Berryman, 2006). However, spheres lead to the broadest bounds
possible, and so is the most conservative assumption one can make.
Having said that, a recent paper by Salje (2007) discusses possible
explanations for observations of elastic properties that lie outside the
Hashin–Shtrikman bounds, e.g., Ji and Wang's (1999) studies of
forsterite–enstatite composites, arguing that the scaling of the volume
proportions in mineral assemblies is not truly represented by the
nominal volume proportion x of each phase. Salje (2007) suggests that
interfacial effects scale with x(1−x) and that, in the case of certain

assemblages, the scaling is entirely with x2 rather than x. A more realistic
scaling replaces x in the relevant averaging schemes by x(1 −S) +Sx2
where surface parameter S lies in the range of 0–1 and weights the
effect of the non-linearities in the volume expansion of the averaging
schemes. S is expected to be grain-size dependent. A value of S = 1, i.e.,
replacing x with x2 in the Hashin–Shtrikman bounds formulae above,
was argued by Salje (2007) to explain Ji and Wang's (1999) anomalous
data completely.
We explore the effects of including interface and surface effects by
replacing x with x(1 − S) + Sx2 in the above Hashin–Shtrikman bounds
formulae, and determining the bounds for S = 0 (no surface effects)
and S = 1 (only surface effects). However, as we show, the effects are
minor. We do not explore composites made of dissimilar sizes grains
nor do we explore non-linear effects, either of which could be highly
important.
Recently Afonso et al. (2005) extended the 2-phase shear-lag
mixing model of Cox (1952) to 3-phases, and proposed that it provides
a superior estimate than either the VRH/VRJ or HS estimates. They
showed in particular that both the VRH and VRJ estimates for Young's
modulus poorly describe laboratory observations for 2-phase composites (Fig. 3, Afonso et al., 2005). They do not elaborate why their
estimates are superior to the HS ones, but as they only treat 3-phase
composites we cannot adopt their approach herein.
7. Application to the Slave and Kaapvaal cratons
We wish to apply the above-deﬁned HS formulae to assemblages of
rocks from the cratonic lithospheric mantle in order to test whether
there should be an observable difference in physical properties within
and between cratons. We take as our example lithospheres representative modal mineralogies from the two geochemically and
petrologically best-known cratons, namely the Kaapvaal craton in
South Africa and the Slave craton in northern Canada. In Table 5 we list
the average modal mineralogies for the two cratons, from Grifﬁn et al.
(1999).
In the case of the Slave craton we deﬁne two assemblages, one for
the known ultra-depleted, harzburgitic G10 region in the upper
mantle (to about 160 km) of the central Slave craton beneath the Lac
des Gras kimberlite ﬁeld (Grifﬁn et al., 1999; Grütter et al., 1999), and
the second for the deeper lherzolitic G9 region (Grifﬁn et al., 1999;
Menzies et al., 2004). This is to examine the variation beneath the
Slave craton, and we test whether the differences between the upper
and lower lithosphere in the central Slave can be modelled with our
composite assemblages.
We calculate the mineral bulk and shear moduli and electrical
conductivity at three depths, 100 km, 150 km and 200 km (Table 7).
The ﬁrst is in the middle of the lithosphere. The second is at
approximately the graphite–diamond stability ﬁeld boundary, and at
the base of the central Slave's ultra-depleted layer, and the third is
close to the base of the lithosphere. For these, we need the other
parameters discussed above and listed in Table 5.
The calculations of the moduli, with derived velocities and
conductivity are given in Table 6 for all three depths for both cratons
for the minerals considered. From these values, we compute the bulk
rock properties using Hashin–Shtrikman lower (HS−) and upper (HS+)
bounds, and for both grain (S = 0) and grain boundary (S = 1) effects.

Table 6
Parameters at depths of 100, 150 and 200 km beneath the Kaapvaal and Slave cratons and assumed modal mineralogies
Craton

Depth (km)

Density (g/cm3)

Temperature (°C)

Pressure (GPa)

Mg#

Log (fO2) QFM

Δlog (fO2) (cf. QFM)

Modal mineralogies (Ol/Opx/Cpx/Gt)

Kaapvaal

100
150
200
100
150
200

3.31
3.36
3.38
3.28
3.37
3.45

740
1010
1250
645
875
1125

3.00
4.63
6.28
2.99
4.62
6.28

92.3
91.0
89.0
93.5
92.0
90.2

−10.83
−5.75
−2.75
−13.33
−8.00
−4.19

−2
−3
−4
−2
−3
−4

65.5/26.9/6.1/1.3
65.5/26.9/6.1/1.3
65.5/26.9/6.1/1.3
75/23/0/2
75/23/0/2
73/20/3/4

Central Slave
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Table 7
Bulk and shear moduli, density, compressional, bulk and shear velocities (derived) and conductivity for mantle minerals at pressures and temperatures beneath the Kaapvaal and
Slave cratons
Kaapvaal craton
100 km, 740 °C, 3.00 GPa, Mg# 92.3

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

123.43
111.36
92.85
165.84

66.99
67.64
56.41
87.55

3.31
3.27
3.31
3.62

8.01
7.86
7.13
8.83

6.11
5.84
5.30
6.77

4.50
4.56
4.13
4.92

− 5.20
− 5.24
− 6.05
− 6.33

150 km, 1010 °C, 4.63 GPa, Mg# 91.0

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

125.41
121.51
89.51
168.48

65.30
67.01
53.63
87.39

3.33
3.28
3.31
3.63

7.99
8.02
6.97
8.86

6.14
6.09
5.20
6.81

4.43
4.52
4.02
4.90

− 3.76
− 3.35
− 4.10
− 4.15

200 km, 1250 °C, 6.28 GPa, Mg# 89.0

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

127.89
132.42
86.65
171.82

63.70
66.77
51.11
87.57

3.35
3.29
3.32
3.65

7.97
8.20
6.83
8.89

6.18
6.34
5.11
6.86

4.36
4.50
3.92
4.90

− 2.85
− 2.24
− 2.94
− 2.84

100 km, 645 °C, 2.99 GPa, Mg# 93.5

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

125.11
113.95
93.92
167.67

68.78
68.77
57.43
88.48

3.30
3.27
3.30
3.61

8.11
7.95
7.19
8.89

6.16
5.90
5.33
6.82

4.57
4.60
4.17
4.95

− 5.98
− 6.16
− 7.02
− 7.57

Slave craton

150 km, 875 °C, 4.62 GPa, Mg# 92.0

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

127.85
125.19
91.13
171.11

67.59
68.62
55.04
88.73

3.32
3.27
3.31
3.63

8.11
8.14
7.05
8.93

6.21
6.19
5.25
6.87

4.51
4.58
4.08
4.95

− 4.43
− 4.18
− 4.96
− 5.15

200 km, 1125 °C, 6.28 GPa, Mg# 90.2

K (GPa)

µ (GPa)

ρ (g/cm3)

Vp (km/s)

Vb (km/s)

Vs (km/s)

Log (σ) (S/m)

Ol
Opx
Cpx
Gt

130.23
136.03
88.12
174.29

65.98
68.27
52.43
88.82

3.34
3.28
3.31
3.64

8.09
8.32
6.91
8.97

6.24
6.44
5.16
6.92

4.45
4.56
3.98
4.94

− 3.30
− 2.77
− 3.49
− 3.47

The bulk rock values are listed in Table 8. Also listed in Table 8 are the
geometric means (GAV) of the values, derived by taking the geometric
mean of the smallest (HS−, S = 0) and largest (HS+, S = 1) values.
From Table 8 one can infer that if the two cratons were juxtaposed,
there would be signiﬁcant differences between them at a depth of
100 km, measurable differences at 150 km (more below), but virtually no
measurable differences at the base of the two lithospheres at 200 km.

7.1. Properties at 150 km depth
A particular focus is the depth of 150 km, which is approximately
the top of the graphite–diamond stability ﬁeld for both cratons
(Kennedy and Kennedy, 1976). In addition, it is approximately the
depth of the base of the ultra-depleted region beneath the Slave

Table 8
Upper and lower Hashin–Shtrikman bounds and geometrical averages fn physical
properties of mantle mineral assemblages for the Kaapvaal and Slave cratons at depths
of 100 km, 150 km and 200 km
Vp (km/s)

Vs (km/s)

Log (σ) (S/m)

100 km

HS−

HS+

GAV

HS−

HS+

Kaapvaal S = 0
Kaapvaal S = 1
Slave S = 0
Slave S = 1

7.915
7.979
8.102
8.112

7.918
7.980
8.104
8.113

7.947

4.489
4.499
4.591
4.580

4.489 4.494 − 5.314
4.499
− 5.215
4.591 4.585 − 6.125
4.580
− 6.005

150 km

HS−

HS+

HS−

HS+

Kaapvaal S = 0
Kaapvaal S = 1
Slave S = 0
Slave S = 1

7.891
7.940
8.059
8.041

7.894 7.915
7.940
8.060 8.050
8.041

4.405
4.414
4.498
4.482

4.406 4.409 − 3.689 − 3.656 −3.690
4.414
− 3.714 − 3.692
4.500 4.490 − 4.399 − 4.376 −4.403
4.482
− 4.414 − 4.408

200 km

HS−

HS+

GAV

HS−

HS+

Kaapvaal S = 0
Kaapvaal S = 1
Slave S = 0
Slave S = 1

7.915
7.948
7.991
7.965

7.920
7.949
7.996
7.965

7.932

4.348
4.353
4.398
4.379

4.349 4.350 − 2.691
4.353
− 2.760
4.400 4.388 − 3.186
4.379
− 3.255

8.107

GAV

7.978

GAV

GAV

GAV

HS−

HS−

HS−

HS+

GAV

− 5.248 −5.260
− 5.207
− 6.034 −6.061
− 5.998
HS+

HS+

GAV

GAV

− 2.628 −2.704
− 2.718
− 3.141 −3.210
− 3.234

Fig. 1. The conductivity–Vs velocity cross-plot for minerals, and their geometrically
averaged parameters, at depths of 150 km beneath the Slave (red) and Kaapvaal (black)
cratons. The diamonds are the composite geometric means. The ﬁelds shown are the
Opx–Cpx–Gt ﬁelds at the two temperatures and pressures. Olivine is at the apex of the
tetrahedron. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)
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Fig. 2. The Vp–Vs velocities cross-plot for minerals, and their geometrically averaged
parameters, at depths of 150 km beneath the Slave (red) and Kaapvaal (black) cratons.
The diamonds are the composite geometric mean. The ﬁelds shown are the Opx–Cpx–
Gt ﬁelds at the two temperatures and pressures. Olivine is at the apex of the tetrahedron.
(For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)

craton (see below). The parameters for the individual minerals and
constructed rocks at that depth are shown in Figs. 1 and 2. Fig. 1 is a
cross-plot of conductivity against shear wave velocity (σ–Vs), and
Fig. 2 shows the cross-plot of the two velocities (Vp–Vs) against each
other. Clearly, conductivity has the potential to be a far greater
discriminant than either of the velocities. The two tetrahedra for the
velocities overlap each other considerably, whereas the tetrahedra for
σ–Vs do not. This is because of the exponential effect that temperature
has on conductivity, compared to the linear dependence that applies
to seismic velocities. However, determining conductivity to the
required precision demands very high quality surveying techniques
and also areas that are relatively free of local distortions and crustal
conductors.
One can ask what the relative contribution to the conductivity and
velocity difference is between the Slave values and the Kaapvaal ones
based on variation in pressure, temperature, Mg#, density and
composition. The pressure difference is minimal (4.62 GPa cf.
4.63 GPa), so is ignored for this comparison. Figs. 3 and 4 show the
variations of conductivity and shear-wave velocity when varying all
three parameters (temperature, Mg# and composition, with density
given by the sum of the fractional estimates for each mineral)

Fig. 3. Variation of electrical conductivity from Slave conditions to Kaapvaal conditions
at 150 km depth. Black line: All three parameters changed. Red line: Only temperature
changed, from 875 °C (Slave) to 1010 °C (Kaapvaal); Blue line: only Mg# changed, from
92.0 (Slave) to 91.0 (Kaapvaal). Green line: only composition (and density) changed,
from 75/23/0/2 (Slave, Ol/Opx/Cpx/Gn) to 65.5/26.9/6.1/1.3 (Kaapvaal). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

Fig. 4. Variation of shear wave velocity from Slave conditions to Kaapvaal conditions at
150 km depth. Black line: All three parameters changed. Red line: Only temperature
changed, from 875 °C (Slave) to 1010 °C (Kaapvaal); Blue line: only Mg# changed, from
92.0 (Slave) to 91.0 (Kaapvaal). Green line: only composition (and density) changed,
from 75/23/0/2 (Slave, Ol/Opx/Cpx/Gn) to 65.5/26.9/6.1/1.3 (Kaapvaal). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

simultaneously from Slave to Kaapvaal values, and the other three
curves on each plot show the consequence of changing only one of the
three. Temperature varies from 875 °C (Slave) to 1010 °C (Kaapvaal),
Mg# from 92.0 (Slave) to 91.0 (Kaapvaal), and composition from 75/
23/0/2 (Slave, Ol/Opx/Cpx/Gn) to 65.5/26.9/6.1/1.3 (Kaapvaal). Not
shown are the variations in compressional or bulk velocity, as they
mimic the shear-wave velocity in character, except that composition
has a slightly larger effect than Mg#, compared to shear-wave velocity
where it has a slightly lower effect.
One clear conclusion to be drawn from Figs. 3 and 4 is that
temperature variation has the greatest effect on the physical
observables of conductivity and seismic velocities. Composition
variation from Slave to Kaapvaal values has virtually no effect on
electrical conductivity, and an effect on velocity close to that of Mg#
variation.

Table 9
Variation across the Hz/Lh boundary at 160 km beneath the Slave craton
Parameter
Assumed parameters
Pressure (GPa)
Temperature (°C)
Mg#
Ol %
Opx %
Cpx %
Gt %
Ρ (g/cm3)
Derived parameters
K GAV(HS−(0) − HS+(1))
G GAV(HS−(0) − HS+(1))
Vp GAV(HS−(0) − HS+(1)) (km/s)
Vb GAV(HS−(0) − HS+(1)) (km/s)
Vs GAV(HS−(0) − HS+(1)) (km/s)
P-wave impedance
B-wave impedance
S-wave impedance
Log(σ) GAv(HS−(0) − HS+(1)) (Ω m)
P-wave impedance contrast
B-wave impedance contrast
S-wave impedance contrast
P-wave reﬂection coefﬁcient
B-wave reﬂection coefﬁcient
S-wave reﬂection coefﬁcient
Conductivity contrast

Hz layer

Lh layer
4.95
1000.0

93.5
75.0
23.0
0.0
2.0
3.312

90.2
73.0
20.0
3.0
4.0
3.338

127.20
67.30
8.093
6.197
4.507
26.80
20.53
14.93
−3.822

126.77
66.08
8.023
6.163
4.449
26.78
20.57
14.85
−3.706
−0.02
+0.04
−0.08
−0.0004
+0.001
−0.0027
0.116
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Fig. 5. Plane-wave P–S transmission coefﬁcient versus incident angle for the Moho
(using values for PREM; Dziewonski and Anderson, 1981) and the Hz/Lh boundary in
Table 9, showing the much larger expected amplitude of the former in teleseismic
receiver functions. For an epicentral distance range of 30–90°, the angle of incidence of
teleseismic P waves will vary from c. 40° to 20° The maximum plausible effect of seismic
anisotropy on the transmissivity of a Hz/Lh is a factor of ~2, assuming that the Lh layer is
characterized by a 4% P-wave anisotropy and a 8% S-wave anisotropy, and that the
fastest anisotropic direction is coincident with the polarization and azimuth of the
incident wave.

7.2. Harzburgite/Lherzolite boundary beneath the Slave craton
Given the observation of a boundary in teleseismic receiver
functions (Snyder et al., 2004) that appears to correlate with the
petrologically-determined base of the ultra-depleted harzburgitic
region (Grifﬁn et al., 1999; Menzies et al., 2004) in the centre of the
Slave craton, we can construct rocks using our mineral physics
knowledge and mixing relations to see if they are consistent. When we
do this (Table 9), we ﬁnd that there should not be an observable
seismic response at all, as suggested by the negligibly small
impedance contrast. Based on laboratory petrophysical data and
mixing laws, others have also noted that there should be little
difference in seismic velocity due to compositional variations (e.g.,
Goes et al., 2000; Schutt and Lesher, 2005), but the observation exists
notwithstanding our theories.
Fig. 5 compares the plane-wave transmission coefﬁcient for this
boundary (Hz/Lh) with that for the Moho, computed using the model
PREM (Dziewonski and Anderson, 1981) as a function of incidence
angle. Note that for teleseismic P waves in the epicentral distance
range of 30–90°, the angle of incidence will vary from c. 40° to 20°. In
this range, the transmission coefﬁcient for the Moho (which is
typically well imaged by receiver functions) is in the range of 0.06–
0.12, whereas for the Hz/Lh boundary the transmission coefﬁcient is
much smaller (0.005–0.009). Under certain assumptions about
anisotropy of the medium, it may be possible to increase the
transmission coefﬁcient by a factor of ~2 (see legend of Fig. 5), but
that is still insufﬁcient to explain the observation.
8. Discussion and conclusions
We have constructed rocks from olivine, ortho- and clinopyroxene
and garnet at appropriate temperatures and pressures for three
different depths within the lithospheres of the Slave and Kaapvaal
cratons. The mineral modal fractions are based on petrological
observations from xenoliths in the Kimberley region of the Kaapvaal
craton, and the Lac de Gras region in the central Slave craton. From
laboratory determinations of the bulk and shear moduli and electrical
conductivity of single crystals, we have determined bulk rock
properties based on multi-phase Hashin–Shtrikman extremal bounds.
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From these estimates, we determine the geometrical means, and take
those for comparison.
We have ignored many effects, such as pressure and temperature
dependence of moduli for the pyroxenes, hydrogen content on
conductivity, pressure effects on conductivity, oxygen fugacity on
conductivity, anisotropy, etc., because either these should be second
order, or the laboratory data are lacking. One effect that we recognise
does likely cause measurable differences is grain size, but for electrical
conductivity the results of ten Grotenhuis et al. (2004) are controversial. The seismic response to grain size is most likely to arise
from olivine rheology. At small grain size, low stress level, or both,
mantle creep is accommodated by diffusion creep, which does not
produce seismic anisotropy. Conversely, at large grain size, high stress
level or both, mantle creep is dominated by dislocation creep (Karato
and Wu, 1993; Eaton et al., 2009-this volume). The boundary between
the two creep regimes could lead to a boundary in both grain size and
seismic anisotropy that might potentially be detectable.
Within the limited range of compositions considered, i.e., those
appropriate for cratonic lithosphere, temperature is the dominant
factor controlling both compressional and shear wave seismic
velocities and electrical conductivity. Given the exponential dependence of conductivity on temperature, it is far more sensitive than are
seismic velocities. Iron content and composition are second-order
effects; in fact at a depth of 150 km, conductivity is independent of the
compositional variation between the Slave and Kaapvaal lithospheres.
Between the Slave and Kaapvaal cratons, at 150 km we determine a
conductivity difference of more than 2/3 of an order of magnitude (log
(σ) of −4.40 cf. −3.69), a shear-wave velocity difference of almost 2%
(4.490 cf. 4.409 km/s), and a compressional-wave velocity difference
of 1.6% (8.050 cf. 7.915 km/s), for a temperature difference of 160 °C.
Given that MT measurements are reliable to about 1/10th of a decade,
and velocities to about 0.5%, this implies that conductivity has a
temperature sensitivity of about 25 °C, Vs of about 40 °C, and Vp about
55 °C. Provided that temperature is known to this precision, then
conductivity can give the Mg# to within 0.25, and the seismic
velocities will give Mg# to 0.35 and compositional differences to
within some 10%. Taken together, the conductivity can constrain the
Mg#, thereby reducing the uncertainty in the composition to about
5%.
Perhaps our most surprising result is that based on available
mineral physics data a contrast between a harzburghitic and
lherzolitic mantle should not be detectable seismically, and only
marginally in conductivity. Certainly the former is contrary to
published observation (Snyder et al., 2004). However, Snyder et al.
(2004) and Snyder and Bruneton (2007) present evidence that this
interface is between two anisotropic layers with different directions of
anisotropy in each: a weakly-anisotropic (3%) N–S trending upper
layer overlying a more strongly anisotropic (10%) NE–SW trending
lower lithospheric layer, possibly with an isotropic layer in between.
Although in our examination we have only considered isotropic rocks,
we have derived the expected transmission coefﬁcient for an isotropic
layer over an anisotropic one, and found that, at best, a coefﬁcient of
0.02 can be expected, and in reality much lower (Fig. 5). Thus,
including also anisotropy does not explain the large value apparent on
the receiver-function data, so we have a fundamental dichotomy the
requires further study.
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